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Abstract

Graspinga curvedobject free in the plane may be done
throughrolling a pair of fingers on theobject’s boundary.
Each finger is equippedwith a tactilesensorableto record
any instantaneouspoint contactwith the object. Contact
kinematicsreveala relationshipbetweentheamountof fin-
ger rotationsandthetotal curvaturesof theboundaryseg-
mentsof the fingers and the object respectivelytraversed
bythetwocontactpointsduringthesameperiodof rolling.
Such relationshipmakesit possibleto localizebothfingers
relative to the object from a few pairs of simultaneously
taken finger contactsat different time instants. A least
squaresformulationof this localizationproblemcan then
besolvedby theLevenberg-Marquardt algorithm. Simula-
tion resultsarepresented.

After localization,a simpleopenloop strategy is used
to control the continualrolling of the fingers until they si-
multaneouslyreach two locationsontheobject’sboundary
wherea graspis finally performed.

1 Introduction

In thispaperwelook athow to graspanobjectfreeto move
in theplaneusingtwo fingers.We considerpoint contacts
only. Thefingerscantranslateandrotate.Eachfingerhasa
tactilesensorableto locatethepositionof its contactwith
the objecton the finger boundary. Below we give a brief
overview of thegraspprocedureto bedescribedin this pa-
per.

At the initial state,both fingersare in touch with the
object. We assumethat contactfriction betweenthe ob-
ject andthefingersis largeenoughto preventany possible
slips,which is realisticwhentheangularvelocitiesof both
fingersarekeptsmall. In orderto determinetheir positions
relative to theobject,thefingersstartrolling on its bound-�
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ary independently, asshown in Figure1(a). In responseto
therolling of thefingers,theobjectstartsmoving aswell.
Subsequently, thetwo contactpoints(shown asdots),each
betweenonefingerandtheobject,move alongthebound-
ariesof the(corresponding)fingersandtheobject.Thetac-
tile sensorsmountedon thefingersrecordtwo contactssi-
multaneously, oneoneachfinger. As therolling continues,
the sensorsrecorda few morepairsof simultaneouscon-
tactsat multiple time instants. Using thesecontactdata,
the fingersthenestimatethe contactlocationson the ob-
ject’s boundary, therebylocalizing themselves relative to
theobject(seeFigure1(b)).

Contact friction
        cone

(b) Roll(a) Touch

(c) Grasp

Figure 1: Achieving a graspof an objectby rolling two fingers
on its boundary. (a) Theconfigurationbeforesensingstarts. (b)
Theconfigurationright after four pairsof simultaneouscontacts
(drawn assolid dots)werecollectedsince(a). The fingersnow
have locatedthemselveson theobjectboundary. (c) Theconfigu-
rationbeforeanantipodalgraspis applied.

After the localization,thefingerscontinuerolling, now
controlledby somestrategy, to simultaneouslyreachtwo
precomputedboundarypointsof theobjectwhereit canbe
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graspedby thefingersexertingforcesalongthetwo in-
ward normals(Figure1(c)). The angularvelocitiesof the
fingersaresmallenoughsothatthefingerscanhalt almost
instantly.

Theabovegraspingstrategy bearssomeresemblanceto
humangraspingthat takes advantageof the tactile capa-
bility of thehumanfingers. Most traditionalstrategiesfor
robotgraspingdonotdisturbtheobject’spose,whichis as-
sumedto beknown,andrelyonalmostperfectfingerplace-
mentsat someprecomputedboundarypointsof theobject.
Our strategy actively explorestheobjectto “calibrate” the
fingersagainstit beforeagrasp.Thisis morerobustagainst
disturbances.

1.1 Related Work

Montana[11] derived a set of differential equationsde-
scribing the motion of a point contact betweentwo 3-
dimensionalrigid bodiesin responseto their relative mo-
tion. In our problem,the object’s motion is unknown, so
is its relative motion to the fingers. Cai andRoth [2] also
studiedthekinematicsof spatialmotionwith pointcontact.
Thespecialkinematicsof two rigid bodiesrolling on each
otherwasconsideredby Li andCanny [9] in view of path
planning. Incorporatingdynamicsaswell, Cole et al. [4]
deviseda strategy to controlan objectgraspedin a multi-
fingeredhandto trackaprescribedtrajectory.

Force-closuregraspingwasstudiedby Mishraetal. [12]
andby Markenscoff etal. [10] on thenumberof (frictional
and/orfrictionless)fingerssufficient for gripping2- and3-
D objects.Thefirst work alsoprovidedanefficient linear-
time algorithmfor graspsynthesisundera wide-rangeof
conditions.Blake andTaylor [1] gavea geometricclassifi-
cationof two-fingeredfrictional graspsof smoothcontours.
Hongetal. [7] showedthattwo andthreefingergraspsex-
ist with friction for 2- and3-D smoothobjects.They also
introducedanapproachfor rotatingplanarobjectsbasedon
fingergaits.

Reactivegraspingalgorithmswerestudiedearlierby Te-
ichmannandMishra [16] who employeddistanceandan-
gle sensingcoupledwith a potentialfunctionto searchfor
a graspof anunknown convex objectwithout disturbance.
Thecagingwork by RimonandBlake [14] wason how to
confinea given2-dimensionalobjectusinga two-fingered
handunderonedegreeof control.

Salisbury [15] first proposedthe conceptof fingertip
forcesensingwith anapproachfor determiningcontactlo-
cationsandorientationsfrom forceandmomentmeasure-
ments. Grimsonand Lozano-Ṕerez[6] usedtactile mea-
surementsof positionsandsurfacenormalson a 3D poly-
hedronto locateandidentify it from a setof known poly-
hedral.

Erdmann[5] showedthat the local geometryof a rotat-

ing objectwith known angularvelocity canbe recovered
from thereadingson two lineartactilesensorspassively in
contactwith theobject.

In theauthor’spreviouswork [8] jointly with Erdmann,
afingerpushesaknownobjectin theplaneandestimatesits
poseaswell asmotion from the movementof the contact
on the fingertip. In this paper, we are only interestedin
the relative configurationof an object to the fingers. So
dynamicsarenotused.

1.2 Notation

To avoid any ambiguity, the notation‘
�
’ meansdifferen-

tiation with respectto time, while the notation‘
�
’ means

differentiationwith respectto somecurve parameter. For
example,

������ � �� �
	��	�
 	�
	�� givesthe velocity of a point
moving on a curve ��� ��� . A scalarin a crossproduct(e.g.,
theangularvelocity � in ��� � ) actsasa vectorof equal
magnitudeandorthogonalto theplane.

Thenormalof aclosedtwicecontinuouslydifferentiable
curve boundinga connectedregion in the planeis always
chosento point inward.Accordingly, thecurvatureof such
a curve is positive everywhereit is convex, andnegative
everywhereit is concave.

2 Kinematics of Rolling

We begin with a kinematicstudyof thecaseof onefinger�
rolling on oneobject � . Thefinger

�
is moving at ve-

locity � androtatingat angularvelocity � . The object �
meanwhilehasvelocity ��� andangularvelocity ��� .

vB

ωB

B

F
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’β
u

β(  )s
α(  )

ω v

Figure 2: Finger � rolling on object � .

Denotetheboundariesof
�

and � by curves � and  ,
respectively. Thesetwo curvesareassumedto be at least
twice continuouslydifferentiable.They arealsoassumed
to be regular, that is, the first orderderivativesof � and do not vanishanywhere. The correspondingcurvature
functionsare ! � and !#" , respectively. The two points in
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contactaredenotedby �$� ��� and  �&% � in the local frames
of
�

and � , respectively. To guaranteepoint contact,the
condition ! � � �'�)( ! " �&% �+*-,/. holds.

To simplify ourderivationof contactkinematics,wefirst
considerthatboth � and  areunit-speedcurves;in other
words, 0 � � 0 �21 and 0� � 0 �31 .

The velocity of the moving contactpoint in the world
coordinateframehastwo equivalentforms:� ( �4�65 � ( 5 � � �� � ��� ( ���7�658�9 ( 58�9 � �%;: (1)

where 5 is theorientationof
�

and 58� theorientationof� . Underrolling, thetwo pointsin contact,fixedon � and , respectively, musthavethesameinstantaneousvelocity,
thatis, � ( �<�=5 ��� ��� ( �>�?�75@�@ @A (2)

Meanwhile,the tangentsof � and  mustbe oppositeto
eachotherat thecontact,satisfying5 � � ( 5 �  � �CB A (3)

Equations(1), (2), and (3) canbe easilysolved [8] to
yield thecontactkinematicsof rolling:�� �ED �%F� ��� D �! � ( ! " A (4)

If � is not necessarilyunit-speed,thereexists a repa-
rameterizationof � usingthearclengthfunction G� � G� � ���
sothat �$� � � G���H� becomesunit-speed.Since� � �JI �I � �JI �I G� I G�I � :	�
	LK
 � .M �8N M holds.Thereforeit followsthat�� � I �I G� I G�I;O � ��� D �0 � � 0 � ! � ( ! " � A (5)

Similarly, themoving rateof thecontacton � is�%@� � D � �0� � 0 � ! � ( ! " � A (6)

3 Finger Localization

In thissection,weaddonemorefinger P� , alsowith bound-
ary � , andconsidertherolling of bothfingers

�
and P� on� . Our objective is to determinethelocationsof
�

and P�
basedon how thecontactsmove on their boundaryduring
therolling.

Wecontinueto usethenotationin Section2 sothat �$� ���
and  � ��� locatethecontactbetween

�
and � . Thecontact

between P� and� is �Q� P�'� on P� and � P% � on � , respectively,

α(   )

u 

u 

ω

ω

ω−

−

B

−

β(   )s

s
α(   )

β(   )

Figure 3: Two fingersrolling on oneobject.

asshown in Figure3. Denoteby P� theangularvelocity ofP� .
Onceagainfor clarity and simplicity, we assumethat

both � and  areunit-speed.Generalcurvescanbeeasily
dealtwith. Thereare now two setsof contactkinematic
equations(4):�� � D �%R� � � D �! � � �'�S( !#" �T% �#U (7)�P� � D �P%R� � � D P�! � � P�'�S( ! " � P% � A (8)

Eliminatetheobject’sangularvelocity ��� from (7) and(8):�� ! � � ��� D �% !#" �&% �S( � � �P� ! � � P�V� D �P% !W" � P% �)( P�XA (9)

We thenintegratebothsidesof the above equationover a
timeperiod � OZY : O . � of rolling, obtaining[ 
]\
_^ ! � I � D [4` \` ^ !W" �T% � I % ( [ �&\�a^ � IbO� [�c
]\c
_^ ! � I � D [Rc` \c` ^ !W" �T% � I % ( [ �&\�a^ P� IbO A (10)

where �Vd � � � O d&� , % d �3%e� O df� , P�'d � P� � O df� , and P% d � P%e� O dT� ,
for g � , :h1 .

The two integrals i � \�a^ � I;O and i � \�a^ P� I;O are the angles
of rotationcompletedby the two fingersduring the same
period � OZY : O . � . Equation(10)describestherelationshipbe-
tweenthe integrals of curvatureover the four curve seg-
mentstracedout by thetwo contacts,respectively, andthe
rotationof thefingersduringa rolling period.

3.1 Total Curvature

The integral i 
L\
 ^ ! � I � is calledthe total curvature of the
curve � over j � Y : � .�k . Let the tangentof � at the contact
be l andthecorrespondingnormalbe m . Let angle n rep-
resenttheorientationof l � ��� .o

Here p]qsrtp]u is thetwo-dimensionalversionof therelativecurvature
form introducedby Montana[11].
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N  u(   )

T∆

∆φ
(   )

+ u∆T

T  u

u(        )

By definition ! � � l �Wv m , thus! � I � � I lI � v m I �� I l v m� wyx{z| 
]} Y�~ l � �$(-�Q�'� D l � �'��� v m � �'�� wyx{z| 
]} Y 0�lQ0 � n� I n
Thusthetotal curvaturecanbecomputedby:[ 
 \
 ^ ! � I � � [ 
 \
 ^ I n � n . D n Y :
where n Y � n � � Y � and n . � n � � . � . It equalsthe total
rotationby thetangentvectoralongthecurvesegmentoverj � Y : � . k . It is possiblefor n . D n Y to take on any arbitrary
realvalue.In computingtheintegral,weneedto keeptrack
of how many timesthecontactcirclesaroundtheboundary
of � as � increasesfrom � Y to � . .

If � is notnecessarilyunit-speed,its totalcurvatureoverj � Y : � .�k is definedas i 
 \
_^ ! � 0 � � 0 I � so that thedefinition
is independentof theparameterization.

3.2 Locating Contacts on the Object

Equation(10) relatestheturninganglesof tangentsof both
fingersand the object at the contactsduring the rolling.
Sincefingers

�
and P� have the tactile capability of de-

tecting � and P� at any time instant, � Y , � . , P� Y , and P� . are
known.

Eventhough % . and P% . areunknown, theequations
�� �D �% and

�P� ��D �P% imply% . � % Y D � . (�� Y :P% . � P% Y D P� . ( P� Y A
We areessentiallyleft with two variables% Y and P% Y in one
equation(10), which is insufficient for solution. To setup
moreequations,we canrecordfinger contacts� d and P� d ,
on
�

and P� , respectively, at time instantsO d , g �2�#: A�AhA :H� ,
where O .4� O�� � v�v�v � O�� . This yields a systemof �

φ∆

φ3

φ1
-∆

-φ3∆

2
-φ∆

s

s

s

s

s
s

s

s

1
0

3

2

f 1

-
-

-

1

T0

T2

T3

T2
-

T3
-

T1
-

T0
-

T0

1T

T2

T2
-

T
-

T1
-

T0
-

T3

φ1

T

-

3
Object

0

1

2

3

∆φ1∆ -

1

∆

φ
2∆

Figure 4: Fingerlocalizationasa leastsquaresproblem.During
the rolling the two fingers“feel” the turning of the two tangent
vectors,eachat onecontact,on theobject’s boundary. Theleast-
squaresmerit function(12)aggregatesthediscrepanciesbetween
the fingers’ “feeling” and what is predictedfrom the estimated
fingerplacement.

equations [ 
_�
_^ ! � I � D [-` ^��'
_�a��
_^` ^ ! " I % (�� d� [�c
 �c
_^ ! � I � D [Rc` ^ � c
 � � c
 ^c` ^ !#" I % ( P�]d :
for g ��1;: AhA�A :�� . (11)

Here �]d � i � ��a^ � I;O and P�]d � i � ��a^ P� I;O .
To simplify thenotation,for 1/� g �-� let� d �&% Y : P% Y � � [-` ^ �'
 � ��
 ^` ^ !#" I %9D [<c` ^ � c
 � � c
 ^c` ^ !W" I %I dE� [ 
��
_^ ! � I � D [�c
_�c
_^ ! � I �$(�� d�D P� d A

Next, we formulatethefingerlocalizationproblemasz�x{�` ^�� c` ^ �� dy� .�� � d �&% Y : P% Y � D I dT� � A (12)

Equation(12) minimizesin a leastsquaresfashionthedif-
ferencebetweenthe estimatedturning of the two tangent
vectorsandthemeasurementsby thefingers(seeFigure4).

To solvethefingerlocalizationproblem(12),weemploy
the Levenberg-Marquardt algorithm[13, 540-547],which
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variessmoothlybetweenthesteepestdecentmethodwhen
farfrom aminimumandtheinverseHessiansmethodwhen
closeto a minimum.

4 Grasp Achievement

Having localizedbothfingersontheobject,weneedto con-
trol their rolling suchthat thetwo contactswill simultane-
ouslyreachboundarypositionswhereagraspof theobject
canthenbeformed.

Morespecifically, wewouldliketo movetheobjectcon-
tacts% and P% to two antipodallocations� on  bycontrolling
theangularvelocities� and P� of thetwo fingers.Methods

a a

-

F

F

F F

−

−β(   ) -β(   )

b

bβ(   )

β(   )

Figure 5: Rolling twodisk-likefingersto form anantipodalgrasp.
Thetwo disksarerolling from theircurrentconfigurations(drawn
with solid circular boundary)to reachtheir goal configurations
(drawnwith dashedcircularboundary)simultaneouslywherethey
canform an antipodalgraspof the curved object. Note that the
objecthasits own motionin responseto therolling.

for findingantipodalpointswerestudiedby ChenandBur-
dick [3].

The graspingproblemhasessentiallybecomehow to
controlthenonlinearsystemdefinedby thekinematicequa-
tions(7) and(8).

We first look at how to estimatetheobject’sangularve-
locity ��� . Since � : P� %;: P% canbe sensedor computed,we
know theobject � relativeto thefingers

�
and P� . Suppose�

and P� canlocalizethemselvesin the world coordinate
system.We thuscancomputethe orientationof � during
rolling, therebyable to estimate��� by, say, finite differ-
encing.Thedetailsareomittedhere.

With ��� estimated,a simpleopen-loopstrategy canbe
employedfor thecontrolof � and P� . Set� to betheamount
of time that we expectboth fingersto reachthe antipodal
positions  ��� � and  � P� � , asshown in Figure 5. We can
alwayschoose� largeenoughsothatneitherfingerrotates�

Thenormalsof   at thesetwo pointsmustbeoppositeto eachother
andalsocoincidewith theline segmentjoining thetwo points.

too fastto maintaintherolling contact.Let  �&¡ � and  � P ¡ �
be the presentcontactlocationson � . We may chooseto
movethecontactsat constantspeeds

�%8��¡¢D£�#¤ � and
�P%¥�P¡tD P�W¤ � , by applyingthefollowing controllaws:� � ¡¦D§�� � ! � � �'�S( ! " �&% � � ( �>�� ¡¦D§�� ¨ ! � � ����( ! "?© � ( �&¡¦D§� � O�«ª9¬ ( ��� :

P� � P¡¦D P�� ¨ ! � � P�V�)( ! " © P� ( � P¡¦D P� �VO� ª9¬ ( ����A
5 Simulations

We simulatedthe finger localizationprocedure. Circular
fingerswere usedbecausetheir constantlocal geometry
simplifiesthe computation.All fingersusedin our simu-
lationswereof this type. Objectsin the simulationshad
elliptic andclosedcubicsplineboundaries.Figure6 shows
a samplesimulation.For theeaseof coding,only constant

Figure 6: A localizationexample. The disks � o and � � rotate
at ­V®�¯/°H±�²W®�³Z´�µ and ¶�­'®h·/°H±h²�®�³Z´�µ , respectively, while the ob-
ject boundedby a concave cubicsplinerotatesat ¸t¹bº ¯X°H±�²e®�³Z´�µ .
A pair of disk contactsis recordedevery »�®�¼ secin a 3-second
period.Thescenes(a), (b), (c), (d) respectively representtheini-
tial configuration,theconfigurationafter3 seconds,onerandom
guessof theinitial configuration,andtheresultingestimate.Note
theslightdifferencein diskplacementsbetween(a)and(d). Such
estimationerrorwaslatereliminatedusingmultipleguesses.

angularvelocitieswereconsidered.This would beunreal-
istic for a real objectrotatingpassively in responseto the
rolling of the fingers. Sincethe formulationof the local-
ization problem(12) dependsdirectly on the amountsof
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finger rotationsratherthanon the angularvelocities,it is
hardto seethattheoutcomeswouldhavebeenaffectedhad
realisticvelocitiesbeenused.

With single guesson an initial finger placement,fail-
uresof localizationoftenoccurredwhentheguesseswere
quite far from the actual placements. In such a case,
the Levenberg-Marquardt algorithm was trappedin a lo-
cal minimum of the leastsquaresobjective function (12).
To copewith this limit of the algorithm as a local opti-
mizationmethod,we usedmultiple randomguesseson the
finger placement,andselectedthe one that generatedthe
smallestvalueof theobjectivefunction.Thisapproachwas
successfulin mostof thetrials.

Anotherpossibility is to usea moresophisticatednon-
linear programmingmethod, for instance,simulatedan-
nealing,to escapelocalminima.

6 Summary and Future Work

We have introducedan approachthat combinessensing
andgraspingfor themanipulationof planarcurvedobjects.
Two fingerswith tactile capabilityactively localizethem-
selvesrelative to anobjectthroughrolling on its boundary
andrecordingmultiple contactsin synchronization.After
the localization,a graspof the object is attainedby con-
trolling the rotationratesof the two fingersto drive their
contactswith theobjectto a pairof antipodallocations.

Basedon the kinematicsof rolling, finger localization
is doneby reducingthe discrepancy betweenthe fingers’
tactiledataandtheestimatedtotalcurvaturesof theobject’s
boundarysegmentstraversedby thefingers.

Theglobalcontrolproblemof moving thefingersto the
antipodalpositionsmaybereducedto alocaloneby replac-
ing the fingersat the estimatedantipodalpositions(there-
fore in thevicinity of theactualpositions).Fingerlocaliza-
tion afterthereplacementwouldalsobecomeeasierdueto
thelocalnatureof theLevenberg-Marquardt procedure.

Basedon rolling kinematicsthe localizationproblemis
transformedinto a purelygeometricoptimization.Thefin-
ger rotationcanbe controlledvery slow. However, in im-
plementationthe issueof force control is very important.
The forcesincludedynamicforcesexertedby the fingers
on the object,contactfriction betweenthem,andsupport
friction betweentheobjectandthetable.Quasi-staticanal-
ysis can provide us a qualitative estimateof the object’s
motion,which maythenbeusedfor fingercontrol.

The resultsin this paperhave the potentialto combine
sensing,shaperecognition,andgraspingin a smoothway
to resemblethe dexterity of humanmanipulation. They
representonesteptowardsthe integrationof sensingand
manipulation.

The undergoing and future work include improvement

on finger localization, finger motion control, and imple-
mentationwith anAdeptCobra600robot.
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