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Abstract

This paper studies the recognition and localization of 2-D
shapes bounded by low-degree polynomial curve segments
based on minimal tactile data. We have derived differential in-
variants for quadratic curves and two special classes of cubic
curves. Such an invariant, independent of translation and rota-
tion, is computed from the local geometryaaty two points on local geometry
the curve. Recognition of a curve class becomes verifying the
corresponding invariant with more than one pairs of data points.
Next, the actual curve is determined in its canonical parametric
form using the same tactile data. Finally, the contact locationgigyre 1: A robotic hand touching the boundary of an object to recog-
on the curve are computed, thereby localizing the shape congze its shape.
pletely relative to the touching hand. Simulation results support
the working of the method in the presence of small noise, al-
though real experiments need to be carried out in the future to Even with limited information, it is possible for us to deter-
demonstrate its applicability. The presented work distinguishegnine if the shape is from a certain class (such as the one of all
from traditional model-based recognition in its ability to simul- ellipses). And if so, not only could we recover its exact descrip-
taneously recognize as well as localize a shape from one of setion but also locate where the fingers are placed. To arrive at
eral classes, each consisting of a continuum of shapes. the above claims, in this paper we will develop a method based
on differential invariants which are shape descriptors built upon
. local geometric variations.
1 Introduction The rest of the section addresses some related work on shape
recognition and reconstruction, in both robotics and computer
Human can feel the shape of an object through touch. EsseRision; and briefly goes over some basics of curve geometry.
tially, the action is performed to detect some geometric featureSections 2 and 3 derive invariants for quadratic curves and two
on the object’s surface which are then synthesized in the humagpecial classes of cubic curves. Section 4 follows by determin-
brain. Typical geometric features include, for instance, smoothing the locations of the data points on the curve which are used
ness, saliences, concavities, etc. in the invariant computation. In Section 5, all the results are
With the capability of touch sensing, the robot can also obcombined into the form of a recognition tree for quadratic and
tain shape information. Since tactile data are local (and onespecial cubic curves. Section 6 presents some simulation re-
dimensional in the case of point contact), seemingly they consults.
tain a very limited amount of geometric information. But how
;nuL::::?lnformatlon about the shape can the robot actually aci.1 Related Work
Figure 1 illustrates a hand touching an object with two tactileShape recognition through touch has long built on the notion
fingers. Suppose with local movements of its fingers the handf interpretation tree which represents all possible correspon-
could estimate some information such as the curvature at a codences between geometric features of an object with tactile data.
ple or more points of contact. Then we would like answer theThe approach was introduced by Grimson and Lozaa@£[6]
two questions posed in the figure. who identified and localized a 3-D polyhedron from a set of
*Support for this research has been provided in part by lowa State Universityr',)OIWedral models using tactile measurements of positions and

and in part by the National Science Foundation through a CAREER award IISSfU"faC(.e normals. Fearing [4] described how a_cylindrical tactile
0133681. fingertip could recover the pose of a generalized convex cone

i) global shape?

ii) finger placement?
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using constraint-based interpretation of a small amount of tacdhe presence of partial occlusion.
tile data.

Montana [11] described a method for estimating local prin-1.2 Geometric Basics
cipal curvatures through the rolling of a spherical tactile sensor
based on differential equations that govern the contact kinemaf-h€ touch sensor in contact with a 2-D object can “feel” its local
ics. Allen and Michelman [1] employed a Utah-MIT hand to 9eometry, which is described by the curvature. At the contact
obtain sparse contact points around an object and then fit (in Rint denote by) the tangential angle formed by the tangent of
least-squares manner) a superquadric surface to the data as the boundary curvex(t) = (x(t),y(t)) with the z-axis. The
reconstructed shape. Boissonnat and Yvinec [2] reconstructéd!rvaturer is the rate of change ef with respect to arc length
the exact shape of a simple polygon through probing to obtair- thatis, J C o
contact points and normals under some mild conditions. In their P aé _ Ty -ry 1)
work [7], Jia and Erdmann studied how to observe the pose and ds (272 + y/2)3/2
motion of an object being pushed by a finger, drawing the solucurvature is independent of the parametrization, rotation, and
tion from nonlinear observability theory. translation. The touch sensor can measure the change of geom-

A method based on the interpretation tree or least-squarestry with respect to arc length only. So we will use the derivative
fitting needs to recover the pose (position and orientation). Thisf curvature with respect to arc length:
may become costly and often unnecessary since the object need ,

. . . T : dk dt K'(t)

only be localized relative to the hand in many situations. Dif- R = — o = oo 2
ferential invariants, meanwhile, capture intrinsic shape infor- dtds (2 +y"?)
mation and are independent of the pose. To recognize spheres, The arc length between two points on the curve, if close to
cylinders, cones, and tori, Kereat al. [9] constructed differ-  each other, can be approximated by their Euclidean distance.
ential invariants using curvatures and torsions and their highewsing a straight jaw the robot can accurately measure the jaw
order derivatives along a surface curve computed from a largetation as the relative change in the tangential angle between
amount of tactile measurements. two points. We approximate the curvature and its derivative by

In model-based vision, there are also two primary ap-he finite difference quotients:
proaches. The first one hinges on the recovery of viewing pa-
rameters (thus the pose). Kriegman and Ponce [10] constructed Hls+ As) — ¢(s — As) ,
the implicit shape equation from image contours using elimi- 24s
nation theory and then solved for viewing parameters through . ¢(s + As) —2¢(s) + ¢(s — As)
fitting the equation to data points. s (As)? ’

The second approach is to develop descriptors that are in-
variant to Euclidean transformation, perspective projection, o Quadratics
camera-dependent parameters [14]. Algebraic invariants are ex-
pressions in terms of the coefficients of a polynomial equationll quadratic curves are classified into three classes: ellipses,
which is often found through fitting. Keren [8] and Forsgh  hyperbolas, and parabolas. Together they are referred to as the
al. [5] introduced methods for finding this type of invariants conics. We will derive invariants for these three classes of con-
and demonstrated on recognition of real objects. One drawbadks in the following subsections.
of algebraic invariants is the requirement of global shape data.
The other drawback is that they do not necessarily work well o% 1 Parabola
shapes that are not algebraic.

Differential invariants depend on local data and deal with sit-Parabolas are identified with all the curves parametrized by
uations such as occlusion well. They are functions of curvaturguadratic polynomials:
and torsion and their derivatives. Caladtial. [3] introduced
“signature curves” invariant to Euclidean or affine transforma- )
tion and described how to numerically approximate differential y = bat” +bit +bo.

invariants. Weiss [15] looked into the construction of invari-  one curve can be parametrized in many different ways. We
ant signature, proposing a method for reliably obtaining highege interested in the recovery of the shape of the curve. Hence
order derivatives. we are not bounded by one particular parametrization. More-
Semi-differential invariants combine global constraints andover, the method we use to recognize the curve does not assume
local information to ease the correspondence issue and also fgarticular position and orientation. So we have the freedom to
lieve the burden on estimating higher order derivatives. The theranslate, rotate, and reparametrize the curve in order to get its

oretical foundation for this type of invariants was treated thor—simp|est parametric form. The simplest form for the parabola is
oughly by Moonset al. [12]. Pajdla and Van Gool [13] used

S e ) . . . _ 2
semi-differential invariants which combine distance and angle r = at’
information for matching curves extracted from range data in y = 2at, a #0.

r = a2t2 + a1t + aog,
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From equations (1) and (2), we obtain into equation (8):

1 a’ +b° I (K1, K2, Ks1, Ks2)
s — L N N
T Tog 1) C) R PISEVE p(K1, Ks1) + 2
3t 1 2/3 2/3
= ———= = ——= (K] [p(K1,Kks1) — Ky “Ip(Ka, ks
Ks 4a2(t2 +1)3° 4 n?/s.iﬁg/:s( 1 p (R, Rs1) o' (k2 2))
= Ile2(K1, K2, Ks1, Ks2)- (20)

Eliminating ¢t from (3) and (4) leads to the following equation
for the parabola: From the two invariants we can compute the valuestodnd

a® + b2, and subsequently determin@ndb.

1 2/3( HZ )
——— =k S 4+1) = I(k,ks). (5)
(2a)?/3 9kt ’ 2.3 Hyperbola

The expressiot, (~, k) is an invariant for the parabola. Since A hyperbola has the parametric form

r andk, values are measurable, from (5) we easily calculate the

shape parameterthat describes the parabola. v — acosh(t) = a el +et
2 )
. et —et
2.2 Ellipse y = bsinh(t) = bT, a,b> 0.
Let us start with the standard parametrization: As in the case of an ellipse, we eliminatérom the equations
k = k(t) andks = k4(t) and obtain the following equation for
@ = acos(t), hyperbola:
= bsin(t), a,b> 0.
ot — 1" ! i =0 11
The curvature and its derivative with respect to the arc length (ab)4/3 * (abk)2/3 = (s, k5) =0, (11)
are:
. ab (©) wherel,, is again defined in (5). We again use two points. From
(a2 sin?(¢) + b2 COSQ(t))3/2 ’ the two copies of equation (11) we derive
1
—3ab (a® — b?) sin(t (¢ Io1 (K1, K2, Ks1, Ks = T 373
v = ab (a ) sin( )cos(3 ) @) 1(K1, K2, Ks1, Fs2) (ab)2/3
(a2 sin’(t) + b2 cos?(t)) a2 — b2
IC2("£17K/27K1517K/52) = W
We can use equations (6), (7) anek?(t) + sin®(t) = 1 (ab)

to eliminatesin(t) andcos(t), and end up with the following  the apove two invariants are the same as for an ellipse but their

equation: values are in different expressionsoéndb. In particular,Z.;
2 2 1 is always negative for the hyperbola.
L — Ip(k,ks) =0, (8) The invariantsl.; andl., completely determine the hyper-
(ab)*/*  (abk)?/® bola. Computation of andb from them is very straightforward.

wherel, is an expression of andx, defined in (5). Since we ) _
have two unknowns andb, we need at least two points on the 2.4 General Invariant for Quadratic Curves

ellipse. Both 1., and Iso invariants f bol i
Now we derive an invariant for the ellipse using two points. oth fc; andl.; aré aiso invariants 1or a parabola, assuming

2/3 H i
Let x; and,; be the curvature and its derivative at thiepoint. ~ values 0 and /(2a) 7, respectively. The sign o, tells the
Then we have two equations in the form of (8). Subtracting ondYPe of a conic. When the invariant is positive the curve is an

of the them from the other, we obtain the following after a fewellipse, when it is negative the curve is a hyperbola, and when it
more steps: is zero the curve is a parabola. The invariahtsand I, thus

describe the correlation between any two points on a conic.

1 ) 2/3
@ = 5(37?’”-2)53/3 (tntsr0) = o) .
= Ia(ki1, ke, Ke1, Ks2)- 9) 3 CUbICS

The expression (9) is the invariant that we seek. It stays conlhere is no classification of all cubic curves. So, it seems very
stant regardless of which two points are used. The invafiant difficult to construct one invariant that recognizes all of them.
alone cannot distinguish ellipses with the same prodtcSo  However, we would like to deal with cubic spline curves, whose
we derive a second invariant by substitutifhg for 1/(ab)?/3 continuity in curvature enables them to approximate any plane
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curve with almost no visual difference. The general parametrigvhere

form for cubic spline segment is 5/ 5 /o o
do = sy (K3 (5015 — 1) 4 2K50012) + KT (3K3012 + Ks2)

T = ast’ + ast? + ait + ap, di = 2619 (531 (3%% — /-£52512) + 27 (3%%512 + /152)) ,
bt + bot? + byt + by, dy = kg (fig (5(5%2 — 1) + 2;@52512)
which has the equivalent canonical form + w3 (18K3012 — Ko (5675 — 1)),
r o= 2 ds = 2612 (ks1 (3K5 — Ksab12) + 267 (363012 + Ksa))
Yy = at’?’ + bt + ct, dy = 55%612 (3/‘@% - 552512) .

. ) By solving the above quartic polynomial we find the value of
wherea, b, andc are the shape parameters. This section treat.§\1, and then the value of, from (16). Evaluating the expres-

two .subclasses of cubic spline polynomials — cubical and Sem'éionslcpl and1L,; gives us the values afandc, respectively.
cubical parabolas.

31 Cubical Parabola 3.2 Semi-Cubical Parabola

) . This class of curves is described by the equations:
This class of curves has the canonical form:
r = t2,
v t,3 y = at®+bt?, a#0.
at® + ct, a # 0.
The slope ish\ = ¢//2' = 3at/2 + b. So this time we
Unlike the conics case, we are not able to eliminate the paramaparametrize the curve usimg= 2(§fb) and obtain the fol-
a 1

etert from the expressions of curvatureand its derivatives,. lowing:
Instead, we will substitutewith the slope\ = £ = 3at? + ¢,
which leads to the following expressions foands: [ 8kPA+ A2
a = 9(%;5 + 3Ak2) = ISCP1(>‘7H5KS)5 (18)
2 2
12a(A — b _ AN
SR i )\2)3)’ (12) P T A rme T e 09
6a(l + A2) — 36aA(\ — ¢) 13 Again using two points, we can set up an equation:
Rs = = .
(1 +>‘2)3 Iscp2()\la’fl7/€sl) = sch()\QﬂiQaK/sQ)-
Using equations (12) and (13) we can solved@ndc: This equation together with (16) yield a quartic polynomial in
) 2 A1. Solving this polynomial will give us\;, and subsequently
o = (msd 3)‘“6) L+ _ wi(A K k), (14) A2, a andb. Theinvariants for this class of curves dtg,; and
Isc 2
2 (1 2 P
o= s N k). (15)

D) (ks + 3AK2) .
4 Locating Contact

The expressiong.,; and ., are invariants of the cubical

parabola provided that the slopecan be determined. Denote The parameter value determines the contact location on the
by &, x; ands,, the tangential angle, curvature and its deriva-CU"ve with the touch sensor. For the quadratic and cubic curves

tive at theith point, respectively. Assuming that the robot candiscussed in Sects. 2 and 3, the expression ies follows:
accurately measure the tangent rotatidf o = ¢» — ¢1, we K

=, if parabola;
get the following equation relating the two slopes: 3 ()7 P
A <2 —b2 . . .
A+ O1o sin ( e ) , ifellipse;
Ay = (16)
1— A1d12 ‘= . () _p2 .
) ) ~ ) sinh™ s |, ifhyperbola;
whered;» = tan A¢q2. Since the value of., is constant, we
have: [A—b ; ; .
+4/ 22, if cubical parabola;
Iep2(A1, k1, K1) = Lep2(Xa, K2, Ks2). (17) 2()\7;’& ] . }
o ) ) T if semi-cubic. para.
Eliminating \» from (16) and (17) results in a quartic polyno-
mial: In the case of a cubical parabola, the sign is determined based
Ay} + dsX3 + do X2 + di\ +do =0, on the relative configuration of the two data points.
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I calculated based on randomly generated points. The results are

> N summarized in Table 1.
Parabola Ie1, 2
no inv. I I(ell) | Iaathyp.) | Iep1 Tscp2
. Somof e T 1o real | 0.2198 | 0.1760 | —0.1222 | 6.9963 | 6.5107
>0 <0 yes no min 0.2168 | 0.1711 | —0.1369 | 6.7687 | 6.3945
(o) G (S i max | 0.2230 | 0.1790 | —0.1147 | 7.0289 | 6.5834
VY T 1 yes no mean| 0.2198 | 0.1756 | —0.1225 | 6.9355 | 6.5154

Unclassified
(all other
curves)

B Parabola

Semi-Cubica
Table 1 Invariant verification on five specific shapes. The first row

shows the real values of the invariants. The following three rows dis-
play the min, max, and mean of 100 values computed on perturbed
o] data.
Figure 2: Recognition tree for quadratic and special cubic curves. Estimation errors ok andx, were due to linear approxi-

mation. They showed up in Table 1 as the discrepancies be-
e tween actual invariant values and their estimates. Although
S Recogmtlon Tree three points on the curve are enough to recognize it, it would
i o o be more reliable to calculate the invariant at more points and
A general recognition strategy is illustrated in Figure 2. We €Siake the mean value.
timate the values o and, at as few as three points on the  5,ing verified the invariants, we empirically demonstrated
curve. Then we test the invariants down the tree to identify they, ¢ the jnvariant of one curve class would not hold for another.
curve type or determine that it is uncla}ssn‘led. Next, we recoveipis is necessary for the recognition strategy to work. Since
the shape ||oaramt$tehrs of the curve. Finally, we compute the pgy qyadratic curves share the invaridpt, there are only three
rameter valué, which determines the contact on the curve.  ¢;rye classes. We tested the invariants of one curve class against
For example, consider the ellipse in Figure 3(a). The valuegne gata from another. The results are summarized in Table 2.

ty \\ inV- Icl Icp2 Iscp?
data \

guadratics —11.97(min) —265.80

t (ellipse) o —15.46(max) 5.83

—0.04(mean) —3.22

2.53(stdev) 26.75

cubical —6.38 7.80

parabola —0.04 . 65.22

ts -0.73 29.17

1.22 17.19
(@ (b) semi-cub. —22.84 8.54

) o parabola 28.37 19.03 _
Figure 3: Recognition of two shapes based on local geometry at three 3.37 13.76
points. (a) An ellipse witlu = 2.8605 andb = 1.7263; (b) a cubical 6.76 3.07

parabola withe = 3.2543 andb = —2.3215.
Table 2 Applying data from one curve on the invariant of a different

of k andk, are estimated at;, = 0.36, t, = 1.86, andts = class. Each cell displays the summary over 100 values.
4.23. I, has value$).8971 and0.4030 at the first two points,
so the curve is not a parabolk; yields values).3447, 0.3446, From the table we see that when an invariant is applied to

and0.3449 at the three resulting pair of points, from which we cyrves outside the curve class it was derived for, it has different

conclude that the curve is an ellipse. The recovered coefficientglues for different points. So, each invariant only holds for its

area~2.8609, andb~1.7275. The parameter values were also gwn curve class.

computed correctly. Similarly, we have successfully recognized Next, we looked into how well a given curve can be recog-

a cubical parabola as shown in Figure 3 (b). nized. In other words, we examined how much the recovered
parameterg andb would differ from the real ones andb. For
measurement, we calculated the relative errors of recovered pa-

6 Simulations _ a2 (-8’
rameters with respect to real ones|a$*=% )"~ + (bTb) . The

The first group of simulations were conducted to verify the in-calculations used 100 different shapes from each family. For
variants of each curve class presented in this paper. One shagach recovered shape the relative error was calculated. The re-
out of each class was chosen, and 100 values of invariant wegsilts are summarized in Table 3.
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err. ellip. | hyper. par. | cub.par.| semi-cub.par.
min 0.02% | 0.10% | 0.01% | 0.02% 0.04%
max | 7.99% | 9.71% | 3.35% | 7.49% 8.09%
mean| 0.40% | 1.15% | 0.36% | 0.83% 1.23%

Table 3. Relative error on estimation @f andb. Summary over 100
different curves for each class.

(3]

(4]

(5]

From Table 3 we can see that on the average the relative er-
rors are around%. These errors depend on how well we es-

timate the curvature and its derivative. Finite differencing was

used. An improvement would be to approximate the osculating

circle and use the inverse of its radius, as introduced in [3].

7 Conclusion

(7]

(8]

We have introduced an invariant-based method that aims at uni-
fying shape recognition, recovery, and pose estimation through
touch. Differential and semi-differential invariants have been [9]
developed for several classes of low-degree algebraic curves.
Each invariant characterizes the geometric correlations on a
curve as determined inherently by the corresponding curvelo]
class. The canonical parametrization of the actual curve can
meanwhile be recovered from the curvature and its derivative at
as few as three points. The task of shape reconstruction is thyigi)
simplified. Furthermore, locations of contact on the curve, that

is, the parameter values, can be estimated from the same dat

6] W. E. L. Grimson and T. Lozanoé®Pez.

E. Calabi, P. J. Olver, C. Shakiban, A. Tannenbaum, and S. Haker.
Differential and numerically invariants signature curves applied
to object recognitionint. 3. Comp. Vision26(2):107-135, 1998.

R. S. Fearing. Tactile sensing for shape interpretation. In
S. T. Venkataraman and T. Iberall, edSextrous Robot Hands
pp. 209-238. Springer-Verlag, 1990.

D. Forsyth, J. L. Mundy, A. Zisserman, C. Coelho, A. Heller,
and C. Rothwell. Invariant descriptors for 3-D object recognition
and poselEEE Trans. Pattern Analys. and Mach. Intell3(10),
1991.

Model-based recog-
nition and localization from sparse range or tactile data.
Int. J. Robot. Res3(3):3-35, 1984.

Y.-B. Jia and M. Erdmann. Pose and motion from contact.
Int. J. Robot. Res18(5):466—-490, 1999.

D. Keren. Using symbolic computation to find algebraic in-
variants. |EEE Trans. Pattern Analys. and Mach. Intell.
16(11):1143-1149, 1994,

D. Keren, E. Rivlin, I. Shimshoni, and I. Weiss. Recognizing 3D
objects using tactile sensing and curve invariadtddath. Imag-
ing and Vision 12(1):5-23, 2000.

D. J. Kriegman and J. Ponce. On recognizing and positioning
curved 3-D objects from image contourtEEE Trans. Pattern
Analys. and Mach. Intell12(12):1127-1137, 1990.

D. J. Montana. The kinematics of contact and grasp.
Int. J. Robot. Res7(3):17-32, 1988.

2] T. Moons, E. J. Pauwels, L. J. van Gool, and A. Oosterlinck.

The small data requirement by our method makes it desirable
for the application of touch sensors. Although only quadratic

curves and special cubic curves are treated, it is straightforwarﬁ
to extend the results to objects bounded by segments of these

types. In such a situation, the data points plugged into each

invariant need to be from the same segment. So the total amou
of data to be obtained is linear in the number of segments on t

object’s boundary.

Yy

We are working on an extension of the results to closed cul1dl
bic splines which, given their curvature continuity, can approxi-
mate any 2-D curved shapes very well. The extension will have
strong implications in recognizing general 2-D shapes (and im-

ages).

We would like to find out the robustness of the introduced
invariants in the presence of sensor noise as well as the errors
due to numerical difference in curvature approximation. A re-
liable noise model needs to built. In the future, we would like
to move on to the simultaneous recognition, reconstruction, and
localization of 3-D curved shapes. This will be a much more

challenging task.
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