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Abstract

Industrialassemblyinvolvessensingthe pose(orientation
andposition)of apart.Efficientandreliablesensingstrate-
gies can be developedfor an assemblytask if the shape
of the part is known in advance. In this paperwe investi-
gatetheproblemof determiningtheposeof aconvex � -gon
fromasetof � supportingcones,i.e.,coneswith bothsides
supportingthe polygon. An algorithmwith runningtime��� ����� whichalmostalwaysreducesto

��� �
	�� log ��� is
presentedto solvefor all possibleposesof thepolygon.As
a consequence,thepolygoninscriptionproblemof finding
all possibleposesfor a convex � -goninscribedin another
convex � -gon, canbesolvedwithin the sameasymptotic
time bound. We prove that the numberof possibleposes
cannotexceed6� , given �� 2 supportingconeswith dis-
tinct vertices.Experimentsdemonstratethattwosupporting
conesaresufficient to determinetherealposeof the � -gon
in mostcases.

Our resultsimply thatsensingin practicecanbecarried
outby obtainingviewing anglesof aplanarpartatmultiple
exterior sitesin theplane. As a conclusion,we generalize
thisandothersensingmethodsintoaschemenamedsensing
by inscription.

1 Intr oduction

In this paperwe will study the problemof detectingthe
pose,i.e., theorientationandposition,of aconvex polygon
in theplaneby takingviews of thepolygonfrom multiple
exterior sites. The shapeof the polygon is assumedto
be knownin advance,but the poseof the polygoncanbe
arbitrary. Eachview resultsin a coneformedby the two
outermostoccludingraysstartingfromtheviewingsite;that�
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coneconverselyimposesa constraintonthepossibleposes
of thepolygon—ithasto becontainedin theconeandmake
contactwith bothitssides.A containmentlike thisin which
every edgeof the containingobjecttouchesthe contained
object is called an inscription, so we shall say that the
polygonis inscribedin thecone.Suchconstraintsimposed
by individual views togetherallow only a small number
of possibleposesof the polygon,which often reducesto
one. For example,Figure1 illustratestwo views takenof
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Figure1: Sensingtheposeof apolygonby takingtwo views.

a convex 6-gon � in someunknown posefrom sites � 1

and � 2 respectively: Thetwo cones� 1 and � 2 thusformed
determinethe realposeof � , andthis posecanbesolved
usingthealgorithmpresentedlaterin Subsection2.4.

The above sensingapproachappearsto be simple,but
to make it efficient and to minimize the cost of sensing
hardwarewe would like to have as few views taken as
possible.This leadsusto themainquestionof this paper:
How many views aresufficient in thegeneralcasein order
to determinetheposeof a convex � -gon?1

Appeared in Proceedingsof the1994IEEEInternationalConferenceon RoboticsandAutomation.

1It shouldbenotedthatthereexistcasesin whichtheposeof aconvex� -goncannotbeuniquelydeterminednomatterhow manyviewsaretaken.
This happensonly if the polygonpreservesself-congruenceovercertain
rotations.(It is not hardto seethat in sucha casetherotationanglemust
beamultipleof 2�� , where� is apositiveintegersuchthat ��� � .) However,
all congruentposesareusuallyconsideredasthesamein realapplications.
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The answerto the above questionis two, andto argue
thisanswerwewill go throughseveralstepseachof which
occupiesa separatesection: Section2 describeshow to
computethe set of possibleposesfor a convex polygon
inscribedin multiple cones,and derives an upperbound
on the numberof possibleposesfor two-coneinscription
in particular; Section3 empirically demonstratesthat, in
spite of the upperbound, two coneshave turned out to
besufficient in mostcasesto uniquelydeterminethepose
of an inscribedpolygon; Section4 further discussesthe
extensionsof this methodandproposesa generalsensing
scheme—sensingby inscription.

1.1 RelatedWork

Canny andGoldberg [4] have introduceda ReducedIntri-
cacy in Sensingand Control (RISC) paradigmthat aims
at improving the accuracy, speedandrobustnessof sens-
ing by couplingsimpleandspecializedhardwarewith fast,
task-orientedgeometricalgorithms.

Thecross-beamsensingmethoddevelopedin [15] finds
theorientationof a polygon(or polyhedron)by measuring
its diametersalongthreedifferentdirectionsandcompar-
ing themeasurementswith theprecomputeddiameterfunc-
tion[9]; thenit solvesavertex-linecorrespondenceproblem
for thepositionof thepolygonby leastsquaresfitting. This
methodessentiallydeterminesthe poseby inscribing the
polygonin a hexagonconstructedfrom thesensorydata.

For the specialcasethat the posesarefinite, [14] pre-
sentedanefficientmethodof placingaregistrationmarkon
theobjectsothattheposecanberecognizedby locatingthe
mark position(with a simplevision system). For robust-
nessto sensorimperfections,themarkedpoint maximizes
the distancebetweenthe nearestpair amongits possible
locations.

Model-basedrecognitionandlocalizationcanoftenbere-
gardedasaconstraint satisfactionproblemwhichsearches
for a consistentmatchingbetweensensorydata(2-D) and
model(s)(3-D) basedonthegeometricconstraintsbetween
them. (See[10].) A variety of polygonshapedescriptors
[1], [12] have beenanalyzedtheoreticallyand/ordemon-
stratedexperimentallyto be efficient androbust to uncer-
tainties.

Geometricalgorithmsfor sensingunknownposesaswell
asunknownshapeshavealsobeenstudied.ColeandYap[6]
considered“finger” probinga convex � -gon ( � unknown)
alongdirectedlines, andgave a procedureguaranteedto
determinethe � -gonwith 3� probes.This work waslater
extendedin [7] whichinvestigatesthecomplexitiesof vari-
ousmodelsfor probingconvex polytopesin � -dimensional
Euclideanspace.

The polygon containmentproblem, that is, deciding
whetheran � -gon � canfit into an � -gon � undertrans-

lations and/or rotations,has beenstudiedby variousre-
searchersin computationalgeometry. (See[2], [3], [5],
[8].) In the casewhere � is convex, the bestknown al-
gorithm runsin time

��� � 2 ��� whenboth translationsand
rotationsareallowed[5]. Herewe will dealwith a special
caseof containmentin which eachedgeof � musttouch� ; thisconstraintcausesareductionof therunningtime to��� ����� , or

��� ��	�� log ��� in practicalsituations.

2 Multi-Cone Inscription

To simplify the presentation,let us agree throughoutthis
sectionthat all anglestake valuesin the half-openinter-
val � 0 � 2��� . In accordancewith thisagreement,intervalsfor
anglevalueswhoseleft endpointsaregreaterthanrightend-
pointsareallowed; for example,an interval �! "�$#&% , where
0 '(#)* +) 2� , is understoodas the interval union�! "� 2���&,-� 0 �.#&% .
2.1 Sliding a Triangle in a Cone

We first deal with the caseof a triangle in a cone, not
only becauseit is thesimplestbut alsobecausethecaseof
a polygon, as we will seelater, can be decomposedinto
subcasesof triangles.Let /10 00 10 2 bea triangleinscribed
in an upright cone � with angle 2 and vertex � , where
0 )324)5� , makingcontactswith bothsidesof theconeat
vertices0 1 and0 2 respectively. Whatis thelocusof vertex0 0 asedge0 10 2 slidesagainstthetwo sidesof thecone?

Two differentsituationscanoccurwith this inscription:
(a) 0 0 is outside /60 1 �70 2, and(b) 0 0 is inside(only when8 0 10 00 2 �92 ). (SeeFigure2.) Assumethat /60 00 10 2 may
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Figure 2: A trianglesliding in a cone. Vertices: 1 and : 2 move
alongthetwo sidesof cone; . Thelocusof : 0 is anelliptic curve
(possiblydegeneratinginto a line segment)parameterizedby the
angle< betweendirectededge =?>: 2: 1 andthe @ axis. Therearetwo
differentcases:(a) : 0 is above edge: 1: 2; (b) : 0 is below edge: 1: 2.

degenerateinto any oneof its edgesbut notapoint;writing
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 5A 8 0 00 20 1, #5A 8 0 00 10 2, B�ADC 0 00 2 C and E�A(C 0 10 2 C ,
thisdegeneracy is takeninto accountby thefollowingcon-
straints:

0 '5 "�.#4)3�F�GEH� 0 � and

IJ K BML 0 � if ENA 0
or  OL 0;

0 '5BM'3E�� otherwise.

Let ussetup a coordinatesystemwith theorigin at � and
the P axis bisectingangle 2 , asshown in Figure2. Then
theorientationof /60 00 10 2 canbedenotedby theangle Q
betweenvector R.R.S0 20 1 andthe T axis. Notetherangeof validQ valuesis a closedinterval. For any valid Q , thereexists
a uniqueposeof the triangle in cone � ; this allows us to
parameterizethelocus

� TU�7PV� of 0 0 by Q .
As edge0 10 2 slidesin thecone,0 0 tracesout anelliptic

curve W with implicit equationX T 2 Y�Z T&P[	]\?P 2 AG�^�
where X A B 2 R B_E sin

�a`
2 b  F�

sin
`
2

	 E 2
2 R 2cos2 ;

Z A �
2B cos R Ea�.E

sin 2 ;

\cA B 2 R B_E cos
� `

2 b  F�
cos

`
2

	 E 2
2 	 2cos2 ;

� A deB � B R E sin
� 2 b  F�
sin 2 �gf 2 h

Herethenotation‘ Y ’ means‘ 	 ’ in case(a)and‘ R ’ in case
(b) andthenotation‘ b ’ meansjust theopposite.Further-
more,if theorientationQ changesmonotonicallywithin its
range,0 0 movesmonotonicallyalong W exceptwhen W de-
generatesinto a line segment.2 If thatdegeneracy happens,0 0 maycrossthesamepoint twice.

2.2 One-ConeInscription

Now considerthecasethataconvex � -gon � with vertices0 0 �i0 1 � hahah �i0kjml 1 in counterclockwiseorderis inscribedin a
cone � . Let uschoosethesamecoordinatesystemasused
in theprevioussubsection.Thentheposeof � is uniquely
determinedby thelocationof somevertex, say0 0, andthe
angle n betweenthe T axis and somedirectededge,sayR.R.S0 00 1. Clearlyany orientationn givesriseto a uniquepose
of � ; so we cancomputethe locusof 0 0 asa functionofn over � 0 � 2��� . Let 0ko and 0kp be thetwo verticescurrently
incidenton the left andright sidesof cone � respectively.
(SeeFigure3.) As long as 0ko and 0mp remainincidenton

2Fromthecurveequation,thereadershouldhavenodifficulty verifying
that q becomesasegmentonaline throughtheconevertex r when sut 0

or v wxt siny{za|k}a~
sin z .
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Figure 3: A convex polygon � rotatingin a cone. The poseof� is denotedby thepositionof vertex : 0 andtheangle� between
directededge =?>: 0: 1 andthe @ axis.Thespaceof orientations� 0 � 2�k�
is partitionedinto closedintervals,eachdefininganelliptic curve
thatdescribesthecorrespondinglocusof : 0.

thesetwosidesrespectively, theproblemreducesto thecase
of /10 00ko!0kp slidingin cone� exceptthatthelocusof 0 0 (an
elliptic curve) now needsto beparameterizedby n , instead
of Q whichwehadusedbefore.

More observationsshow that theentirerange � 0 � 2��� of
orientationscanbepartitionedinto asequenceof closedin-
tervals,within eachof whichthevertices0 o and0 p incident
oncone � areinvariant.

We presenta linear-time algorithm that computesthe
above orientationintervals as well as the corresponding
elliptic curves describingthe locusof 0 0. The algorithm
rotatesthepolygoncounterclockwisein thecone,generat-
ing a new interval whenever one(or both) of the incident
vertices0ko and0mp changes;thenew incidentvertex (or ver-
tices)is determinedby a comparisonbetweenangle 2 and
theangleintersectedby thetwo rays0 o�l 10 o and0 p 0 p�l 1.

Let �!n min ��n max% denotethe current interval, and let ���
denotethe interior angle

8 0k� l 10k��0k��� 1 for 0 '(�6'(� R
1. (For convenience,arithmeticoperationsperformedon
the subscriptsof verticesor internal anglesare regarded
as followed by a ‘mod � ’ operation;for example, 0 l 1 is
identifiedwith 0 jkl 1 and0 j with 0 0.) In thealgorithm,Φleft

andΦright keeptrackof theanglebetweenRVRkRVS0 o 0 o � 1 and R$R�S0 00 1

andtheanglebetweenRgRmRkR�S0 p 0 p � 1 and R.R7S0 00 1 respectively. The
algorithmproceedsasfollows:

Algorithm 1

Step1 Start at the posesuchthat edge0 00 1 aligns with
the right sideof � . Locatethe vertex 0 � in contact
with theleft sideof � . SetΦleft �*� j�e� o � 1

� � R � � � ,
Φright � 0, n min ���2 R `2 , � � � , and B � 0.

Step2 Thecurrentorientationintervalhasits left endpoint
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at n min. Outputtheelliptic curve (now parameterized
by n ) resultingfrom sliding edge0 o 0 p in cone � .

Next determinetheright endpointn max of thecurrent
interval. Let � betheangleintersectedby rays0 o�l 10 o
and0 p 0 p?l 1; set � �(�k��� if they donotintersect.There
arethreedifferentcases:

Case1 ��)52 or ��A �k��� . [Advance0 p clockwiseto
the next vertex.] SetΦright � Φright 	�� R � p ,n max � Φright 	 �2 R `2 , and B � B R 1.

Case2 �]L32 . [Advance0 o .] SetΦleft � Φleft 	�� R� o , n max � Φleft 	 3 �2 	 `2 , and � � � R 1.

Case3 ��A92 . [Advanceboth0 o and0 p .] SetΦleft �
Φleft 	�� R � o , Φright � Φright 	�� R � p , n max �
Φleft 	 3 �2 	 `2 , � � � R 1, and B � B R 1.

Output the currentinterval �!n min �7n max% . Set n min �n max andrepeatStep2 until B changesfrom 1 to 0.

Thenumberof intervalsproducedbytheabovealgorithm
cannotexceed2� , becauseeachloop of Step2 advances
either 0 p to 0 p?l 1, or 0 o to 0 o�l 1, or both to 0 p?l 1 and 0 o�l 1

respectively, andbecausethereare2� verticesin total ( �
eachfor 0mo and0mp ) to advancebeforereturningto theinitial
incidentvertices0 0 and0 � .

We caneasilyapplytheabove algorithmfor thegeneral
casein which thevertex of cone � is at anarbitrarypoint� T 0 �7P 0 � and the axis of the coneforms an angle n 0 with
the P axis. Eachgeneratedinterval �! "�.#&% now needsto
beright shiftedto �  �	�n 0 �$#�	�n 0 % , andthecorresponding
locus of 0 0 can be representedas

� X�� cosn6	 Z � sin n
	T 0 � X�  cosn[	 Z   sin n[	GP 0 � , where X�� , Z � , X�  and Z   are
constantsdeterminedby n 0, 2 and/60 00 o 0 p . (Theequations
for theseconstantsaregivenin [11].)

2.3 Upper Bounds

The precedingsubsectiontells us that the setof possible
posesfor a convex polygon inscribedin oneconecanbe
describedby a continuousandpiecewiseelliptic curve de-
finedover orientationspace� 0 � 2��� . We call this curve the
locuscurvefor the inscription. This subsectionwill show
thatonly finite possibleposesexist for a convex � -gon �
inscribedin two cones,solong astheverticesof thecones
donotcoincide.An upperboundonthenumberof possible
posescanbeobtainedstraightforwardlyby intersectingtwo
locuscurves,eachresultingfromtheinscriptionof � in one
cone.

Claim 1 There exist no more than 8� possibleposesfor
a convex � -gon � inscribedin two cones� 1 and � 2 with
distinctvertices.

Proof. Let 0 0 � hehah �¡0 jkl 1 be the verticesof � in coun-
terclockwiseorder;thenaposeof � canberepresentedby
the locationof 0 0 aswell asthe angle n betweendirected
edge R.R�S0 00 1 andthe T axis. Let W 1

� n_� and W 2
� n_� be the two

locuscurves,for the inscriptionsof � in cones� 1 and � 2

respectively. We only needto show that W 1 and W 2 meetat
most8� times,thatis, they passthroughcommonpointsat
nomorethan8� valuesof n .

It is known that each W � consistsof at most2� elliptic
curves definedover a sequenceof intervals that partition� 0 � 2��� . Intersectingthesetwo sequencesof intervalsgives
apartitionthatconsistsof atmost4� intervals.Within each
interval thepossibleorientations(hencethepossibleposes)
of � canbefoundby computingwherethecorresponding
pair of elliptic curvesmeet. Accordingto the lastsubsec-
tion, thispairof curvesmaybewrittenin theparameterized
forms� X � � cosn"	 Z � � sin n¢	�T � � X �   cosn¢	 Z �   sin nx	�P � �?�
for ��A 1 � 2. Here

� Tm�.��Pa�g� is the vertex of cone �"� ,
and X � � � Z � � � X �   � Z �   are constantsdeterminedby � and�"� . Using the condition

� T 1 ��P 1 �¤£A � T 2 ��P 2 � , we sup-
pose T 1 £A¥T 2 without loss of generality, and let ∆ A¦ � X

1
� R X 2

� � 2 	 � Z 1� R Z 2� � 2. Thenit is nothardto show
thatthesetwo curvesdonot meetif C T 1 R T 2 C�L ∆. Other-
wisethey maymeetonly atnHA�# R  and nHAG� R # R  "�
where  HA atan

�e§
1̈ l § 2̈

∆ ��© 1̈ l © 2̈∆ � and #[A sinl 1
�

2 l � 1
∆ . ª

The upperbound8� is not tight: A lower onecan be
obtainedeven without using two conesto constrainthe
polygon. Notice in the proof above that the boundcame
from a partitionof orientationspace� 0 � 2��� into up to 4�
intervals which combinedthe individual poseconstraints
imposedby the two cones.Thereforean improvementon
thatboundmustrequirea differentpartitioningof � 0 � 2��� .
To seethis,we regardeachconeastheintersectionof two
half-planesand decomposeits constrainton the polygon
into two constraintsintroducedby thehalf-planesindepen-
dently.

A polygon� is saidtobeembeddedin ahalf-plane« if �
iscontainedin « andsupportedbyitsbounding line.Thus�
is inscribedin aconeif andonly if it is embeddedin thetwo
half-planesdefiningthe coneby intersection. Two cones
with distinct verticestogetherprovide threeor four half-
planes,of which no threehave concurrent boundinglines,
i.e.,boundinglinesthatpassthroughacommonpoint. Such
threehalf-planesare indeedenoughto boundthe number
of possibleposesof � within 6� .

Theorem 1 Thereexistnomorethan6npossibleposesfor
a convex � -gon � embeddedin threehalf-planeswith non-
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concurrent boundinglines; furthermore, this upperbound
is tight.

Proof. Let � 1, � 2 and � 3 be the boundinglines of the
threehalf planesrespectively. We canassumethat these
linesarenot all parallel;otherwiseit is easyto seethatno
feasibleposefor � exists. So suppose� 1 and � 2 intersect;
their correspondinghalf-planesform a conein which �
is inscribed. Let the orientationof � be representedby
the angle n betweenthe T axis and somedirectededge
of � . Then orientationspace � 0 � 2��� is partitionedinto
at most 2� intervals, accordingto which pair of vertices
arepossiblyon � 1 and � 2 respectively. In the meantime,
it is alsopartitionedinto exactly � intervals,accordingto
whichvertex is possiblyon � 3. Intersectingtheintervalsin
thesetwo partitionsyields a finer partition of � 0 � 2��� that
consistsof atmost3� intervals,eachcontainingorientations
at which � is to besupportedby � 1, � 2 and � 3 at thesame
threevertices.

Let us look at onesuchinterval, andlet 0k� , 0 � and 0k¬
betheverticesof � on � 1, � 2 and � 3 respectively whenever
a possibleorientationexists in the interval. The possible
orientationsoccurexactlywhere� 3 crossesanelliptic curveW � n_� tracedout by 0 ¬ whensliding 0 � and 0 � on � 1 and � 2
respectively. Now we prove that this interval containsat
mosttwo possibleorientations.Note W doesnotdegenerate
into a point becausethe case0m�A®0 � A®0m¬ will never
happen,given � 1, � 2 and � 3 arenot concurrent.ThereforeW is either an elliptic segment monotonicin n or a line
segment that attainsany point for at most two n values.
(SeeSubsection2.1.) In bothcases,it is clearthat W crosses� 3 for nomorethantwo n values.Thusthereareatmost6�
possibleposesin orientationspace� 0 � 2��� .

[11] givesan examplein which a polygoncanactually
have 6� poseswhenembeddedin threegivenhalf-planes,
therebyproving thetightnessof thisupperbound. ª

Sinceany two coneswith distinct verticesare formed
by threeor four half-planeswith non-concurrentbounding
lines,andsinceembeddinga polygonin threehalf-planes
with non-concurrentboundinglinesisequivalentto inscrib-
ing it in any two conesdeterminedby intersectingapairof
thehalf-planes,we immediatelyhave

Corollary 1 There exist at most6� possibleposesfor a
convex � -goninscribedin twoconeswith distinctvertices,
andthis upperboundis tight.

Would more half-planes(or cones)further reducethe
numberof possibleposesfor an embeddedpolygonto be
asymptoticallylessthan � ? Theanswerisno. For example,
anembeddedregular � -gonwill alwayshave ¯m� possible
poses,where1 '¤¯°' 6, no matterhow many half-planes
arepresent.However, theexperimentalresultsin thenext
sectionwill show that two cones(or four half-planes)are

usuallysufficient to determinea uniqueposefor a generic
polygon.

2.4 An Algorithm for Inscription

With theresultsin theprevioussubsections,weherepresent
analgorithmthatcomputesall possibleposesfor a convex� -gon � to be inscribedin � cones � 1 � haheh �7�"± , where�¥� 2. (The verticesof theseconesareassumedto be
distinct.) Let 0 0 � hehah �¡0mjkl 1 betheverticesof � in counter-
clockwiseorder.

Algorithm 2

Step1 [Computean initial setof posesw.r.t. two cones.]
Solve for all possibleposesof � when inscribedin
cones� 1 and � 2 (useAlgorithm 1 andseetheproof
of Claim1),andlet set ² consistof theresultingposes
(alreadysortedby orientation).Set � � 3.

Step2 [Verify with the remainingcones.] If �[A�³	 1
or ²¤A´ thenterminate. Otherwisego to Step3 ifC ²¢CmA 1 or C ²¢CkA 2. OtherwiseapplyAlgorithm 1 to
generatethelocuscurve Wµ� � n_� for theinscriptionof �
in �"� . Sequentiallyverify whethereachposein ² is
on W � � n_� , deletingfrom ² thoseposesthatarenot. Set� � �&	 1 andrepeatStep2.

Step3 [Moreefficientlyverify oneor twoposes.]For each
posein ² , let polygon �H¶ be � in thatposeanddo the
following: For �M'¸·�'¹� constructthe supporting
cone �H¶� of �H¶ at thevertex of cone � � ; if thereexists
some �H¶� that doesnot coincidewith � � , thendelete
thecorrespondingposefrom ² .

Whentheabove algorithmterminates,set ² will contain
all possibleposesfor the inscription. Corollary 1 shows
thatthereareatmost6� posesin ² afterStep1. Sincethe
supportingconeof � fromapointcanbeconstructedin time���

log ��� usingbinarysearch[13], therunningtime of the
algorithmis

���.� ¯ R 1�.�N	 � � R ¯º	 1� log ��� , i.e.,
��� �����

in the worstcase,where ¯ is thevalueof variable � when
leaving Step2. However, theexperimentsin Section3 will
demonstratethat ¯�A 3 almostalwaysholds,henceStep
2 will almostnever getexecutedmorethanonce,reducing
therunningtime to

��� �6	�� log ��� .
Sincea convex � -gon � is naturallytheintersectionof� cones,eachwith a vertex of � asits vertex andwith the

internalangleat that vertex asits apex angle,we canuse
Algorithm 2 to computeall possibleinscriptionsof � in� with the sametime cost. This problemshall be called
the polygoninscription problem,which can be regarded
as anotherversionof multi-cone inscription becausethe
intersectionof multipleconesis alwaysapolygon(possibly
unboundedor empty).
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3 Experiments

Thefirst setof experimentswereconductedto find outhow
many possibleposesusuallyexist for a polygonembedded
in threehalf-planeswith non-concurrentboundinglines,
andtheresultsaresummarizedin Table1.

# tests data # poly vertices # possibleposes
source range mean range mean

10000 10sq. 3–9 5.9376 1–16 5.5436
10000 10cir. 3–9 6.1208 2–16 5.7006
1000 100sq. 6–19 11.917 2–16 7.242
1000 100cir. 10–22 15.108 2–24 10.012
1000 1000sq. 11–24 18.43 2–18 7.84
1000 1000cir. 23–43 33.595 2–60 18.709
1000 cir. mar. 3–15 8.98 2–14 4.537

Table 1: Experimentson embeddinga polygon in threehalf-
planes.

Sevengroupsof convex polygonsweretestedasshown
in the above table. The first six groupsconsistedof con-
vex hulls generatedover 10, 100and1000randompoints
successively, andfor eachnumber, in two kindsof uniform
distributions—insidea squareand inside a circle respec-
tively. It canbeseenin thetablethatthepolygonsin these
groupshada wide range(3–43)of sizes,i.e., numbersof
vertices,but their shapeswere not arbitrary enough,ap-
proachingeithera squareor a circle when large number
of randompoints were used. So we introducedthe last
group of data that consistedof polygonsgeneratedby a
methodcalledcircular march whichoutputstheverticesof
a convex polygonasrandompointsinsidea circle in coun-
terclockwiseorder. Thesizeof apolygonin thisgroupwas
randomlychosenbetween3 and15. We refer the reader
to [11] for detailson how all convex polygon datawere
randomlygenerated.

Given a convex polygon, threesupportinglines, each
boundinga half-planeon the side of the polygon, were
generatedaccordingto the uniform distribution; namely,
with probability � l�»k¼2 � eachline passedthroughvertex 0k�
with internalangle��� . An additionalcheckwasperformed
to ensurethat theselines were not attachedto the same
vertex of thepolygon.Thenumberof possibleposesfor the
polygonto beembeddedin thesegeneratedhalf-planeswas
thencomputed,and the summarizedresultsfor all group
arelistedin thelasttwo columnsof thetable.

Table1 tells us that threehalf-planesare insufficient to
limit all possibleposesof anembeddedpolygontoaunique
one,namely, the real pose;in fact the tablesuggeststhat
linear(in thesizeof thepolygon)numberof possibleposes
will usuallyexist. We canseein the tablethatdespitethe

appearancesof caseswith oneor two possibleposes,the
ratio betweenthe meanof numbersof possibleposesand
meanpolygonsizeliesin theapproximaterange0.43–0.93,
decreasingveryslowly asthemeanpolygonsizein agroup
increases.Theseresultstendto supportaconjecturethatin
theaveragecasethereexist

��� ��� possibleposesfor aconvex� -gonembeddedin threehalf-planeswith non-concurrent
boundinglines.

The above conjecturemay be very difficult to prove.
However, a plausibleexplanationfor the experimentalre-
sultscanbesought.Recall,apolygonwith threehalf-planes
definesa partitionof orientationspace� 0 � 2��� into at most
3� intervals, eachcontainingorientationsthat would al-
low the samethreeincidentverticeswhenever a possible
poseexistsat thatorientation.The feasibleorientationsin
eachinterval occur whenonesupportingline crossesthe
locus curve of its associatedincident vertex. The locus
curve resultsfrom moving the othertwo incidentvertices
along their supportinglines. As thesecurves (for all in-
tervals)mayoftenclustertogether, thelikelihood thatthey
getcrossed

��� ��� timesin total by thefirst supportingline
is quite large. This happenedparticularlyoftenduring the
experimentswhena vertex coincidedwith an intersection
of two supportinglines. (SeeFigure4.)

Figure 4: Eight possibleposesfor a convex 6-gonboundedby
threesupportinglines(astakenfrom asamplerun). Thefirst one
representsthe real posewhosesupportinglines as shown were
generatedrandomly;theremainingsevenrepresentall otherposes
consistentwith the supportingline constraints. Notice in this
examplethat threeof the eight posesoccurredwhena vertex of
thepolygoncoincidedwith anintersectionof twosupportinglines.

The purposeof the secondset of experimentswas to
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studyhow many posesusuallyexist for a convex polygon
inscribedinto two or moreconeswith distinctvertices.We
first testedwith two conesusing the samesourceof ran-
dom datageneratedin the way we did for the first setof
experiments,andthe resultsareshown in Table2. Since

# tests data # poly vertices # possibleposes
source range mean range mean

10000 10sq. 3–10 5.9493 1–2 1.036
10000 10cir. 3–10 6.1113 1–2 1.0117
1000 100sq. 6–18 12.002 1–2 1.01
1000 100cir. 9–21 15.138 1–1 1
1000 1000sq. 10–26 18.073 1–2 1.002
1000 1000cir. 26–45 33.665 1–2 1.003
1000 cir. mar. 3–15 9.009 1–2 1.106

Table2: Experimentson inscribingpolygonswith two cones.

a polygonwas alwaysgeneratedinside a square(circle),
theconeverticeswerechosenasrandompointsuniformly
distributedbetweenthis boundaryanda largersquare(cir-
cle). Theratio betweenthesetwo squares(circles)wasset
uniformly to be 1

2 for all sevengroupsof data.
In contrastto Table 1, Table 2 tells us that two cones

allow a uniqueposeof aninscribedpolygonin mostcases.
In eachgroup of tests,only caseswith one poseor two
posesoccurred,andthemeanof possibleposesstayedvery
closeto 1, independentof themeanpolygonsize.(It is not
hardfor usto seethatthepercentageof two-posecaseswas
very low in the range0%–3.6%for the first six groupsof
data.Thepercentage10.6%for theseventhgroupwasabit
high but expected,becausepolygonsgeneratedby circular
marchweremorelikely to bein a certainshapethatwould
oftenincur two possibleposes,aswewill discusslater.)

Testswerealsoconductedwith 3–10conesonreproduced
dataof fourof thesevengroups,while theotherexperiment
parameterswerekeptthe same.As shown in Table3, the
meansof possibleposesdid not decreasedramaticallyas
comparedto thosein Table2. Finally, werepeatedthefirst
groupof testswith two conesbut chosetheir verticesfrom
two wider ranges(with the previous ratio 1

2 replacedby
ratios 1

5 and 1
10 respectively), andtheresultsareshown in

thelasttwo rowsof thesametable.
Theexperimentalresultthattwo non-incidentconesusu-

ally allow auniqueposeof aninscribedconvex � -gon � has
in fact a very intuitive explanation. As mentionedbefore,
twosuchconesgenerallyprovidefourhalf-planes,any three
of whichwill limit thenumberof possibleposesof � to at
most6� . Let polygons� 1 � hehah ��� ± , where �+' 6� , repre-
sent� in all possibleposesrespectively whenembeddedin
the first threehalf-planes;thenthose � � correspondingto
thefinal possibleposesmustbesupportedby thebounding

# tests data # poly vertices # possibleposes
source range mean range mean

10000 10sq. 3–10 5.95 1–2 1.0056
1000 100sq. 6–19 11.901 1–1 1
1000 1000sq. 10–27 18.26 1–1 1
1000 cir. mar. 3–15 8.96 1–2 1.022

10000 10sq. 3–10 5.9587 1–2 1.1158
10000 10sq. 3–10 5.9741 1–2 1.1738

Table 3: More experimentson inscribingpolygonswith cones.
The first four groupsof dataweretestedwith a randomnumber
(between3 and10)of cones;thelasttwo groupsweretestedwith
two coneswhoseverticeswerechosenfrom widerrangesthanthe
previoustests.

line � of the fourth half-plane. So the probability that a
two-posecaseoccursis no morethantheprobabilitythat �
passesthrougha vertex of �U� anda vertex of � � , for �½£A�· .
Note the verticesof � 1 � hehah ��� ± togetheroccupyΘ

� �����
pointsin theplanein general,onlyoneof whichmustlie on� . If no two of theseverticescoincide,theprobabilitythat� passesthroughtwo verticesof differentpolygonsis zero
(assumingthat � is independentof the other threebound-
ing lines),which meansthata two-posecasealmostnever
occursin this situation. Otherwisesupposetwo vertices
of ��� and � � respectively areat thesamepoint 0 for some�½£A�· , thentheprobabilitythat � passesthrough0 is Θ

� 1jV± � .
This is Θ

� 1j 2 � in theaveragecase,giventhat �A Θ
� ��� as

suggestedby thefirst setof experiments.Sincein theusual
casethereonly exist a constantnumberof suchcoincident
vertex pairs,theprobabilityΘ

� 1j 2 � is anapproximateupper
boundonhow oftentwo-posecasesoccur. Thisboundturns
out to beconsistentwith thepercentagesof two-posecases
in Table2.

It wasobservedduringtheexperimentsthatalargenum-
berof two-posecasesoccurredwhenbothconeshappened
to be supportingthe polygonat the samepair of vertices.
(SeeFigure5.) The two possibleorientationsdifferedby

Figure5: Twopossibleposesfor aconvex 6-goninscribedin two
cones(astakenfrom asamplerun). Thetwoconesaresupporting
thepolygonatapair of vertices.� , andeachsupportingvertex in oneposecoincidedwith
the otherin theotherpose. This situationoftenhappened
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whenthedistancebetweenonepairof verticesof thepoly-
gonwasmuchlarger thanthe distancebetweenany other
pair of vertices,or whenthe siteswerefar away from the
polygon(asevidencedby thehighpercentagesof two-pose
casesin thelast two groupsof testsin Table3).

4 Conclusion

The analysesandexperimentsin this paperhave laid out
thebasisfor a generalsensingschemeapplicableto planar
objectswith known shapes.The scheme,termedsensing
by inscription, determinestheposeof anobjectby finding
its inscriptionin apolygonof geometricconstraintsderived
from the sensorydata. A specificimplementationof this
schememay employcertaincombinationsof simple and
robustsensorsto obtainthenecessaryconstraints.In par-
ticular, two supportingconesareoftenenoughto detectthe
real poseof a polygonalobject. In real situations,if two
(or more)possibleposesarisefrom a two-coneinscription,
they canbedistinguishedby probingat a point contained
insideonly oneof theposes.3

Though only the inscription of a convex polygon is
treatedin thispaper, theextensionstoany arbitrarypolygon
andany polyhedron(with nearconstantcross-sectionalong
somedirection)shouldbe straightforward;but the exten-
sionto a closedandpiecewisesmoothcurve needsfurther
study. Thetechniquecanalsobeappliedin objectrecogni-
tion: A finite setof polygonsaregenerallydistinguishable
by inscription.

Futurework will involve thedesignof specializedcone
sensorsor othersensorssuitedfor inscription,aswell asan
investigationof a theoreticalframework for incorporating
sensinguncertaintiesinto theinscriptionalgorithms.
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