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Abstract

In the absenceof vision, graspingan objectoftenrelieson
tactile feedbak fromthefingertips. Before force closure is
formed,wheie ontheobjecta fingertip touchescanusually
be felt from the motion of contacton the fingertip during
a small amountof pushing In this paperwe investigate
thefirst stage of sudh “blind” grasping More specifically
we studythe problemof determiningthe poseof a known
planar objectby pushing Assumingsliding friction in the
plang a dynamicanalysisof pushingresultsin a numerical
algorithmthat computeghe objectposefromthreeinstan-
taneouscontactpositionson a fingertip. Simulationsand
experimentgwith an Adeptrobot) havebeenconductedo
demonstatethe sensingeasibility.

Inspiredby thewaya humanhandgrasps thiswork can
beviewedasa primitive stepin exploring interactivesens-
ing in graspingtasks.

1 Introduction

Part sensingandgraspingaretwo fundamentabperations
in automatedassembly Traditionally, they are performed
sequentiallyin anassemblytask. Partsin mary assembly
applicationsaremanufcturedto high precisionsbasedon

their geometricmodels; so their shapesare known. The

knowledgeof part geometrycan sometimessignificantly
facilitatesensingaswell asgrasping.It mayalsohelpinte-

gratethesetwo operationsreducingtheassemblytime and

cost.

Considerthetaskof graspingsomethingsay a pen,on
the table while your eyes are closed. Your fingersfum-
ble on the tableuntil oneof themtoucheshe penand(in-
evitably) startspushingit for a shortdistance However, at
this momentyou canalmostalreadytell which part of the
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University andin partby theNationalSciencé~oundatiorthroughthefol-
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andNSFGrantIRI-9213993.

penis beingtouchedby feeling how the contactis mov-

ing on the fingertip. Assumethe pushingfinger is mov-

ing away from you. If the contactremainsalmoststable,
thenthe middle of the penis beingtouched;if the contact
movescounterclockwisen thefingertip,thentheright end
of the penis beingtouched;otherwisethe left endis being
touched. Immediately a picture of the pen configuration
hasbeenformedin your headsoyour otherfingersquickly

closein for agoodgrip.

The above exampletells us that the poseof a known
shapecansometimese inferredfrom the contactmotion
onafingerpushingthe shape Figurel shovs two motions
of a quadrilaterain differentinitial posespushedby afin-
ger in the samemotion. Although the initial contactson

Figure 1: Differentmotionsof contact(shavn with dots)on an
elliptic fingerthatresultfrom pushinga quadrilaterain two dif-
ferentinitial poses.

thefingerwerethe samethefinal contactsarequite differ-
ent. Thinking in reverseleadsto the main questionof this
paper:Canwe determineheinitial poseof anobjectfrom
the contactmotion on a pushingfinger, or simply, from a
few intermediatecontactpositionsduringthe pushing?
We give an affirmative answerto the abore questionin
the generalcase. Section2 studiesthe dynamicsof push-

ing,



deriving a setof differentialequationghatgovernthe con-
tact motion and shaving how to solve them numerically;
Section3 describesa numericalroutinethat computeghe
initial poseof anobjectfrom finite intermediatecontactpo-
sitionson a pushingfinger; Section4 presentsimulations
andexperimentswhich demonstratehat three intermedi-
atecontactpointsoftensuffice to determinaheinitial pose
for the fingersand objectstested;Finally, Section5 sum-
marizeshe paperandoutlinesthe future work.

1.1 PreviousWork

Mason[13] exploresthemechanic®f pushingusingquasi-
staticanalysis predictingthe directionin which an object
beingpushedrotatesandplotting out its instantaneouso-
tation center For unknown centerof friction, Alexander
andMaddocks[2] reducethe problemof determiningthe
motion of a sliderundersomeappliedforce to the caseof
abipodandoffer analyticalsolutionsfor simplesliders.

The work by Lynch et al. [11] localizesan objectus-
ing the mechanicof pushingandtactile feedback;a con-
trol systemhasbeendevelopedto translateandorient ob-
jects.AkellaandMason[1] describea completeopen-loop
plannerthatcanorientandtranslateobjectsin the planeby
pushingwith astraightfence.Donaldetal. [4] studythein-
formationstructureof cooperatie pushingtasksto reorient
large objects,shawving the equivalencesbetweendifferent
typesof sensingandcommunicatiorby sensoreduction.

Dynamicsof sliding rigid bodiesis treatedin MacMil-
lan [12] for non-uniform pressuredistributions, and in
Goyal etal. [6] usinggeometrianethodsasednthelimit
surfacedescriptionof friction. Assuminguniform pressure
distribution and frictionless pushingcontact, Section2.3
presenta dynamicanalysisthat determinegheinitial ac-
celerationand angularacceleratiorof an objectgiven the
pusheracceleration.

The problemof predictingthe accelerationsf multiple
3D objectsin contactwith Coulombfriction hasa nonlin-
earcomplementaritformulation[15]; the existenceof so-
lutionsto modelswith sliding androlling contactshasbeen
established.

In [14], Montanaderivesa setof differentialequations
describingthe motion of a contactpoint in responseo a
relative motionof the objectsin contactandemploysthese
equationdo senseahelocal curvatureof anunknowvn object
or to follow its surface. The kinematicsof spatialmotion
with point contactis alsostudiedby Cai andRoth[3] who
assumen tactile sensorable to measurethe relative mo-
tion at the contactpoint. The specialkinematicsof two
rigid bodiesrolling on eachotheris consideredy Li and
Canry [10] in view of pathplanningin the contactconfig-
urationspace.

In their review of robotictouchsensing7], Howe and

Cutkosky amgue that shapeand force are the mostimpor-
tant quantitiesmeasuredvith touch sensors.The usesof
touchinformationin objectrecognitionand manipulation
areclassifiedandvarioussensinglevicesarediscusse@nd
compared.

Finally, thework presentedhereis closelyrelatedto our
previous work [8] on sensingknown shapes.Whereasn
the previous work posesare derived from geometriccon-
straintsalone, herethey are derived under manipulation
operationdrom geometricconstraintaswell askinematic
anddynamicequations.

2 Motion of Contact

Considerthe problemof a translatingfinger f pushingan
object B in the plane. The coeficient of friction between
B andthe planeis everywherep. For simplicity, let us
assumdrictionlesscontactbetweenf and B, anduniform
masg(andthuspressurejistribution of B.

Let f's boundarybe a twice differentiablecurve a and
B’s boundarybe a piecavise twice differentiableclosed
curve 8 suchthata(u) andg(s) locatethecontactpointon
thesetwo curves(in their local frames)respectrely. Fol-
lowing corvention,moving counterclockwisalonga and
B increases: ands. To avoid ary ambiguity the notation
‘" meangdifferentiationwith respecto time, andthe no-
tation'”” meandifferentiationwith respecto somecurve
parameter For example,& = o'u = 92 9% givesthe ve-
locity of the contactpoint on a. Assumethat one curve
segmenton g staysin contactwith « throughouthe push-
ing. Letv; bethevelocity of f, v andw the velocity and
angularvelocity of B respectiely, all in theworld coordi-
nateframe(Figure2).

Figure2: PushingobjectB by finger f translatingatvelocity vy.

That f and B maintaincontactimposesa velocity con-
straint

vp+a't = v+wxRB+ RA'S, Q)



cosf —sinf
whereR(6) = sinf cosé

associatedavith the orientationd of B. NewtonandEuler’s
equationonrigid bodydynamicsarestatedas

is the rotation matrix

F+ / —ppgipdp = ma, (2)
B

ROXF+ [ Rox (-upgs)dp = To,  (3)
B

whereF' isthecontacforceactingon B, p themassdensity
(not necessarilyjuniform), g the gravitational acceleration,
m the mass,a the acceleratiorof the centerof massO,
and I the angularinertia aboutO (all of B). Herev, =

Up

v +w X Rpisthevelocityatp € B andv, = To] is its
direction?!

With no friction at the contactpoint, F' actsalongthe
inwardnormalof B:

F-RE" = 0; 4

R'xF > 0. (5)

Finally, thenormalsof f and B atthe contactareopposite
to eachother;equvalently, we have

o xRB' = 0, (6)

asa’ - RB' < 0 alwaysholds.

If themotionwv; of thefingeris known, thereareseven
equationg1), (2), (3), (4), and(6) with seven unknonvns
u, 5,v,w, andF.2 Fromtheseequationsye arenow ready
to derive the differentialequationdor u, s, v, andw.

Takingthedot productsof o’ with bothsidesof (1) and
rearrangingermsthereafterwe obtain

|/ |*u - (o' - RB")S =
Next differentiatebothsidesof (6):
(@" x RBYu+ (o' x R34+ (¢! -RB"w = 0.

o - (v+wx RB—vy).

Immediately we cansolve for $ andu from thetwo equa-
tionsabove:

§ =

R
+ (o' x R,B')(a’ -(v+wx RB - vf))>

/(@ R x B + Pl x B8"); (7

. o - (v+wxRB+ RA'S —vy)
U = 3 . (8)
o]
1That f is translatingmplieseitherv # 0 orw # 0 afterthe pushing
starts.Sow, canvanishover atmostonepointp € B, whichwill vanish
in theintegrationsin equationg2) and(3).
2Note that equations(1) and (2) and variablesv and F' are each
countedwice.

If « andg areunit-speecturveswith curvaturess,, and
kg, respectiely, equationg7) and(8) aresimplifiedto

—w+ ke - (V+wx RB—vy)
Ko + Kg ’

. wHkgd - (v+wx RE—vy)

v o= Ko + Kg )

Now we move onto derive thedifferentialequationdor
v andw. Firstwe take the crossproductsof R3’ with both
sidesof (3), eliminatingthe term containingF' - R3' and
substituting(2) in aftertermexpansion:

—(8"- Byma — pupgT = RpB' x Ii.

Heretheterm

N AR CREE) PO

whenmultiplied by upg, combinesthe dynamiceffectsof
friction. Therefore

_ An?o x RB' — pgl
a = 173 , (10)

whereAd = [, dp = % andn = \/% aretheareaandthe
radiusof gyrationof B, respectiely.

Taking the crossproductsof o' with both sidesof (1)
andcancellingtheterma’ x RS’ accordingo (6), we have
afterafew morestepsof termmanipulation

a' x (vp—v) = (o RP)w. (11)
Differentiatingbothsidesof (11) yields
a' xa+ (o Rf)w = wd" x (vy—v) +a xaj

-~ (ua "RB+a - (wxRB+ Rﬂ’é))w. (12)

Finally, substituting(10)in (12) gives:

w = (ua”x(vf—v)+a'xaf

- (aa" ‘RB+d - (wx RB+ Rﬂ'é))w
rg ) n”
+ 25 5 xr)/(a -R(ﬁ+ﬂ,‘ﬁﬁ)).(13)

Equationg(7), (8), (10), (13),andf = w form a system
of ordinary differential equationsthat can be numerically
solvedfor s, u, v, w. Notethatthemotionof B isindepen-
dentof its massdensityp.




2.1 Degenerate Case

Theabove derivationof differentialequationg7), (8), (10),
(13) is correctonly if thedenominator®n theirright hand
sidesdo not vanish. Clearly (8) always holds following
|&'|? > 0. By parameterizinge and3 asunit-speecturves
with curvaturess, andkg, respectrely, we caneasilyver-
ify thatthe denominatoiin (7) vanisheonly whenoneof
the curvesis concave at the contactwith x, = kg, asitua-
tion thatalmostnever happens.

The vanishingof the denominator3’ - 3 on the right
in (10) impliesthatthe contactforce F' passeshroughthe
centerof masof B, yielding zerotorque.In themeantime,
we have

! I "72 112

g-8#0 = ﬁ+—ﬁ,,ﬂ|ﬁ| #0
nz
g -8

. n”
= R R(B+ 5500 #0

,’,’2
B') # 0;
e ) #
thatis, thedenominatom (13)doesnotvanishif 5'-3 # 0.
Hences' - 8 = 0, orequialently, R3 x F' = 0, remains

the only degenerateondition. It follows directly from (3)
that

= f-(B+ B')#0

= o -R(B+

_,ungRp X b, dp

An? '
Taking the dot productsof RS’ with both sidesof (2) we
obtain

O = (14)

_pgJopdp- RS’
v .

Taking the crossproductsof B3’ with both sidesof (12)
andsubstitutingthe abore equationin, we have

a-R3 =

a = —(Rﬁ'x (ua”x(vf—v)—}—a'xaf

- (ua" "RB+a' -(wxRB+ Rﬁ's‘))w)

+ (o' - RB)w x RB' + 19 ]y O dp- BY' vadp il o/)

/ (@ - Rf'). (15)

2.2 Integralsof Friction

To numericallyintegrate(7), (8), (10), and(13), it is nec-
essanyto evaluatetheintegral I' thatdeterminegherole of

friction on dynamics. Let usrewrite I' asa linear sumof
threesubinteyrals:

ro= /B(Rﬁ’-ﬁp)deer(ﬁ’-ﬁ)/B@pdp
- / (B' - p)op dp.
B

In the degeneratecase,it is alsorequiredto evaluatethe
integral [ Rp x 9, dp in equation(14).

When the object B is translatingat velocity v, these
evaluationsareeasy:

I = (8" B)AY;

/Rpx@pdp = 0.
B

The caseof the objecttranslatingat velocity R~1v =
(ve, vy) androtatingaboutits centerof massatangularve-
locity w # 0 (all with respectto the body frame) canbe
regardedas the object rotating aboutsomemoving point
w X (Ug,vy)/w? = (—vy/w,v,/w), calledthe instanta-
neousrotation center(i.r.c.). In polarcoordinatesvith re-
spectto thei.r.c., all the aforementionedubintgralsare
reducibleto one-\ariableintegrals[9].

For polygonalshapesglosedformsof I exist; for most
othershapesit canonly be evaluatedhumerically

2.3 Initial Accelerations

Giventheinitial contactpositionsa(ug) on f and3(se) on
B, andtheinitial poseof f, theinitial velocitiesare

v(0) =vp =0, w(0) =wy =0, and vs(0) =0.

Pluggingthe above into (7) and (8) yields zeroinitial ve-
locitiesof the contactpoint:

$(0) =0 and (0) = 0.

In the degeneratecase where the contactnormal N
passeghroughthe centerof massO, theinitial accelera-
tion andangularacceleratiorfollow easilyfrom (14) and
(15):

_pg Jgpx Ndp
An?

g [gpdp x N
An?

wp =

_Rp' x (o' xay) +pg(N - ')
a' - Rp!

_ar- Rp

(lf o - Rﬂ'a .

apg =




Herewe write v(0) = ap andw(0) = wp.

In the non-deyeneratecase,we have wy # 0. Under
Coulombs law, thefrictional force f,, atp € B is opposed
to theacceleration

ap(0) = 9,(0) = ag+wo x p+wo X (wo X p)
= apt+woXDp
. a
= wO(,—O +1xp).
wo
By a simpleargument,the sign of wy, mustagreewith its

sign were there no friction; henceit is known. Conse-
quently a,(0), f,, and

o = [ (R840 R+ (5 (5 -0)ay0) dp

becomefunctionsof £2. Thus(10) canberewrittenas

An?ao x RB' — pglo(52)
[¢%)) = _Aﬂ' : ﬁ . (16)

Meanwhile,it follows from (12)that

o x (ay — ag)

o' - Rf

o xaf
= . 17
o RB+ax (7

wy =

Dividing both sidesof (16) by wy andsubstituting(17)in,
we getthefollowing equationin 3—2

a’-RpB+ax %
a ARl e
Wo Ap'- B '
Equation(18)is solvablefor 22 by theNewton-Raphson
methodwith thederivative 9T'g /63—2 approximatedy nu-
mericaldifferencesHenceay andwg aredetermined.

2.4 Contact Breaking

Theonly constrainthatwasleft outin the derivationof dif-

ferentialequationg7), (8), (10), and(13)is inequality (5).

This constrainthowever, is usedto checkwhenthecontact
betweerthefingerandtheobjectbreaks More specifically
thecontactoreakswhenRj3' x F' < 0.

3 Sensing Initial Pose

Assumethe presencef a tactile sensorattachedo finger
f thatmeasureshe valueof parameter atthe contacton
thefingerboundarya. In addition,the initial poseof f is
assumedo be known, andthe controlleris assumedo be
exactso the finger velocity v, is known. Thus,theinitial

poseof object B is completelycharacterizedy parameter
so thatgivestheinitial contacton objectboundaryg, and
sois the contactmotionu on « accordingto equationg7),
(8), (10), and(13). Without any ambiguity we denotethe
contactpoint on « attime ¢, with respecto initial posesg
of B, asu(sg, ).

Letfinger f pushobjectB for sometime At. Thesens-
ing problem: Given contactpositionsug, ..., u, 1 on f
attimety, = 0, t1,...,t,_1 = At, respectiely, dur
ing the pushing,find an initial pose(s)sy of B suchthat
u(80,t;) = us, for0 <i<m—1.

Let uslook at two sensowaluesuy andw, first. Con-
siderparameter, asa mapping,definedby the finger mo-
tion, from an initial posesy, of B to the contactposi-
tion u(sg,t1) on f attime t; subjectto u(sg,0) = wug.
Sincethereexists no closedform of u, we canonly solve
the equationu(sg,t1) = u; numerically For instance,
the Newton-Raphsomethodcan be usedwith numerical
derivative 2450:10).

Newton-Raphson may find multiple solutions to
u(so,t1) = uy with differentinitial guesse®f so. This
meansthat multiple initial posesof B may resultin the
samecontactpositionon f attime ¢;, which oftenturned
out to be the casein our simulationsto be discussede-
low. We needto verify theseposesagainstsensoralues
U, - .., Un—1 to eliminatethe ambiguities.

4 Simulations and Experiments

Simulationswere conductedn two typesof fingers(lines
andellipses)andtwo typesof objects(ellipsesand poly-
gons). All datawere generatedandomly® We simulated
threetypesof pushing:ellipse(finger)-ellipse(object)ine-
ellipse,andellipse-polygon.

Closedformsof integral " exist for polygonsbut not for
ellipses. On a Sparcstatior20, one evaluationof I" takes
about0.15sfor a hexagonandabout2sfor anellipse. The
computatiorof initial accelerationssin Section2.3 takes
aboutl.6sand25sfor thesetwo shapestespectiely.

A pushwas performedfor a certainamountof time
(measuredn the stepsof forward integrationon (7), (8),
(10), and(13)). During the push,theinitial, the final, and
oneintermediateontactpositionson thefingerweretimed
andrecorded.Thealgorithmin Section3 computedoossi-
bleinitial posef the objectwhich, underthe push,would
causethe contactto move from the initial positionto the
intermediatgpositionon the finger at the recordedime. 4

3Randompolygonsweregeneratedby taking randomwalks on anar-
rangemenbf alarge numberof randomlines precomputedby atopologi-
cal sweepingalgorithm[5].

4More specifically the algorithmguessec numberof initial contacts
ontheobject,andcalledthe Newton-Raphsomoutine.In theexperiments,
10 guessesvere taken for an ellipse and 3 guessedor eachedgeof a



Thefinal contactpositionwasthenusedto distinguishbe-
tweenambiguougoses.

Table 1 shows the sensingresultsunderno friction be-
tweenthe objectandthe plane® It suggestshatthe pose

type #tests| #succs| succ | time/test
ratio (min.)
ellips-ellips | 1000 978 | 97.8% 1.11
line-ellips | 1000 975 | 97.5% 151
ellips-poly | 200 189 | 94.5% 5.06

Tablel: Sensingesultsin thefrictionlessplane.

of an objectis often computablegrom threeinstantaneous
contactson a pushingfinger.

The simulation outcome that the finger contacts
ug, U1, us attime instantst, t1, to, respectrely, oftende-
terminetheobjectposecanbeexplainedintuitively through
Figure 3. Considerthe mappingdefinedby the pushing

! u(sst)

u(sot)
/

real pose

Figure 3: Explanationof how sensingvorks.

fromtheinitial objectposes, to thecontactmotionu(sg, t)
on thefinger, subjectto u(sg,t) = ug. At time t1, very
likely multiple contactmotionsstartingatuo will reachu,
theintermediatecontactposition. Thiswasobsenedin the
simulations. But almostdefinitely, only one of thesemo-
tionswill alsoreachu, attimet,.

Theslow numericalevaluationof integral I" prohibitsus
from conductinglarge numberof testson sensingellipses
by pushingundersliding friction. Simulationsunderfric-
tion were only performedon polygons,for which closed
formsof I exist. The 105teststook about65 hours,yield-
ing 94 successed, 1 failuresandambiguities.

Later we conductedsomeexperimentswith an Adept
550 robot. The “finger” in our experimentswas a plastic

polygon.

5For the easeof testinglarge groupsof data,only constanfinger ac-
celerationsa s were usedin our simulations. However, the subsequent
obserationsareexpectedto alsohold for arbitrarya s .

discheld by the robotgrippet Sinceno tactile sensohad
beenimplementedthe disk edgewas marked with angles
from the disk centerso a contactposition could be read
by flesheyes. Plasticpolygonalpartsof differentmaterial
wereusedasobjects.A plywoodsurfacesenedasthesup-
porting planefor pushing.Figure4 shavs anexperimental
setup.

Figure 4: Experimentaketupof pose-from-pushingThe coefi-
cientof contacffriction betweerthepartandthedisk (finger)was
small(measuredo be0.213).

Simulation and experiment results on pushing were
foundto agreeclosely(Figure5), with slightdiscrepancies

Uy
(deg),
110}

100) / /
% L ! !
0 4 8f 12 16/20 2:1]8 32 36 g om)

Simulations

4 12 16 /20 24 28 32 36 g
80~/\j/ \/ (e

Experiments

Figure 5: Simulationsversusexperimentson a triangular part.
Theinitial contactsse werechoserto be at discretizedocations
on the partboundary Theinitial contactu on the pushingdisk
wasalwaysat 90 degreesfrom its center The samedisk motion
wasusedin all experiments.The dottedlinesillustratethe case
whereso = 11 (cm): Four feasibleposesverefoundby the sim-
ulatorfrom contactpositionu; afterthepush.

mainly dueto shapauncertaintiesandnon-uniformproper
tiesof thedisk, the parts,andthe plywood,all handmade.

We also did someexperimentson sensing. Insteadof
onepush,two consecutie pusheswvere performedso that



the contactpositionafter the first pushsened astheinter-
mediatecontactposition.

5 Summary

We have introduceda sensingmethodapplicableto mary
graspingtasks.The methodfindsthe poseof a known pla-
nar objectby pushingit with a fingertip and“feeling” the
contactmotion. Pushingis viewed asa mappingfrom the
one-dimensionasetof possiblenitial poses of theobject
to the setof contactmotionson the fingertip; andsensing
is viewed asits inversemapping. Givenan initial contact
onthefingertip,the setof possiblecontactpositionsat arny
timeinstantduringa pushis one-dimensionalndgenerally
continuous.Corversely only afinite numberof initial ob-
jectposegenerallymayresultin a senseatontactposition
atthattime instant. Thereal poseis further determinedy
sensingyet athird contactposition.

Contactmotionsare derived from a setof differential
equationghatconsistof the geometricandkinematiccon-
straints,aswell asthe dynamicsof pushing. A numerical
algorithmis presentedo find theinitial poseof an object
givena finite numberof intermediatecontactpositionson
apushingfinger. Althoughin someworstcaseg9] sensing
ambiguitiescannotbe eliminatedevenif the entirecontact
motion on the fingeris known, simulationresultsdemon-
stratethattheinitial, thefinal, andoneintermediatecontact
positionsoften sufiice for determiningthe pose.A sensing
failure may be recoveredby repeatecpushingat different
portionsof the objectboundary

This work is the first stepof our ongoingresearcton
graspingpartsof known shapesand on the integration of
sensingandgrasping.

More work is neededn improving the efficiency of the
sensingalgorithm which is currently inadequatefor ary
real applicationswherefriction exists. For eachpart, we
could discretizeits boundaryand precompilea tablefrom
which posescanbe directly looked up with contactposi-
tions. We would lik e to extendthe contactmotion analysis
to frictional pushingcontacts.Otherfuture work includes
anextensionto non-uniformpressurealistributions,aswell
astheimplementatiorof atactilesensoicapableof sensing
timedcontactpositions.
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