
Posefrom Pushing
�

Yan-BinJia MichaelErdmann
TheRoboticsInstitute

Schoolof ComputerScience
Carnegie Mellon University
Pittsburgh,PA 15213-3890

Abstract

In theabsenceof vision,graspingan objectoftenrelieson
tactile feedback fromthefingertips.Before forceclosure is
formed,whereontheobjecta fingertip touchescanusually
be felt from the motionof contacton the fingertip during
a small amountof pushing. In this paper we investigate
thefirst stage of such “blind” grasping. More specifically,
we studythe problemof determiningthe poseof a known
planar objectby pushing. Assumingsliding friction in the
plane, a dynamicanalysisof pushingresultsin a numerical
algorithmthat computestheobjectposefrom threeinstan-
taneouscontactpositionson a fingertip. Simulationsand
experiments(with an Adeptrobot)havebeenconductedto
demonstratethesensingfeasibility.

Inspiredbythewaya humanhandgrasps,thisworkcan
beviewedasa primitive stepin exploring interactivesens-
ing in graspingtasks.

1 Introduction

Part sensingandgraspingaretwo fundamentaloperations
in automatedassembly. Traditionally, they areperformed
sequentiallyin an assemblytask. Partsin many assembly
applicationsaremanufacturedto high precisionsbasedon
their geometricmodels;so their shapesare known. The
knowledgeof part geometrycan sometimessignificantly
facilitatesensingaswell asgrasping.It mayalsohelpinte-
gratethesetwo operations,reducingtheassemblytimeand
cost.

Considerthetaskof graspingsomething,say, a pen,on
the table while your eyes are closed. Your fingersfum-
ble on thetableuntil oneof themtouchesthepenand(in-
evitably) startspushingit for a shortdistance.However, at
this momentyou canalmostalreadytell which partof the�
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pen is being touchedby feeling how the contactis mov-
ing on the fingertip. Assumethe pushingfinger is mov-
ing away from you. If the contactremainsalmoststable,
thenthemiddleof thepenis beingtouched;if thecontact
movescounterclockwiseonthefingertip,thentheright end
of thepenis beingtouched;otherwisetheleft endis being
touched. Immediately, a pictureof the penconfiguration
hasbeenformedin yourheadsoyourotherfingersquickly
closein for agoodgrip.

The above exampletells us that the poseof a known
shapecansometimesbe inferredfrom the contactmotion
onafingerpushingtheshape.Figure1 shows two motions
of a quadrilateralin differentinitial posespushedby a fin-
ger in the samemotion. Although the initial contactson

Figure 1: Differentmotionsof contact(shown with dots)on an
elliptic finger that resultfrom pushinga quadrilateralin two dif-
ferentinitial poses.

thefingerwerethesame,thefinal contactsarequitediffer-
ent. Thinking in reverseleadsto themainquestionof this
paper:Canwe determinetheinitial poseof anobjectfrom
the contactmotion on a pushingfinger, or simply, from a
few intermediatecontactpositionsduringthepushing?

We give anaffirmative answerto theabove questionin
the generalcase.Section2 studiesthe dynamicsof push-
ing,
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deriving a setof differentialequationsthatgovernthecon-
tact motion andshowing how to solve themnumerically;
Section3 describesa numericalroutinethat computesthe
initial poseof anobjectfrom finite intermediatecontactpo-
sitionson a pushingfinger;Section4 presentssimulations
andexperiments,which demonstratethat three intermedi-
atecontactpointsoftensufficeto determinetheinitial pose
for the fingersandobjectstested;Finally, Section5 sum-
marizesthepaperandoutlinesthefuturework.

1.1 Previous Work

Mason[13] exploresthemechanicsof pushingusingquasi-
staticanalysis,predictingthe directionin which an object
beingpushedrotatesandplotting out its instantaneousro-
tation center. For unknown centerof friction, Alexander
andMaddocks[2] reducethe problemof determiningthe
motionof a sliderundersomeappliedforce to thecaseof
abipodandoffer analyticalsolutionsfor simplesliders.

The work by Lynch et al. [11] localizesan objectus-
ing the mechanicsof pushingandtactile feedback;a con-
trol systemhasbeendevelopedto translateandorientob-
jects.AkellaandMason[1] describeacompleteopen-loop
plannerthatcanorientandtranslateobjectsin theplaneby
pushingwith astraightfence.Donaldetal. [4] studythein-
formationstructureof cooperativepushingtasksto reorient
large objects,showing the equivalencesbetweendifferent
typesof sensingandcommunicationby sensorreduction.

Dynamicsof sliding rigid bodiesis treatedin MacMil-
lan [12] for non-uniform pressuredistributions, and in
Goyal etal. [6] usinggeometricmethodsbasedonthelimit
surfacedescriptionof friction. Assuminguniformpressure
distribution and frictionlesspushingcontact,Section2.3
presentsa dynamicanalysisthatdeterminesthe initial ac-
celerationandangularaccelerationof an objectgiven the
pusheracceleration.

Theproblemof predictingtheaccelerationsof multiple
3D objectsin contactwith Coulombfriction hasa nonlin-
earcomplementarityformulation[15]; theexistenceof so-
lutionsto modelswith slidingandrolling contactshasbeen
established.

In [14], Montanaderivesa setof differentialequations
describingthe motion of a contactpoint in responseto a
relativemotionof theobjectsin contact,andemploysthese
equationsto sensethelocalcurvatureof anunknownobject
or to follow its surface. The kinematicsof spatialmotion
with point contactis alsostudiedby Cai andRoth[3] who
assumea tactile sensorable to measurethe relative mo-
tion at the contactpoint. The specialkinematicsof two
rigid bodiesrolling on eachotheris consideredby Li and
Canny [10] in view of pathplanningin thecontactconfig-
urationspace.

In their review of robotic touchsensing[7], Howe and

Cutkosky arguethat shapeand force are the most impor-
tant quantitiesmeasuredwith touchsensors.The usesof
touchinformation in object recognitionandmanipulation
areclassifiedandvarioussensingdevicesarediscussedand
compared.

Finally, thework presentedhereis closelyrelatedto our
previous work [8] on sensingknown shapes.Whereasin
the previous work posesarederived from geometriccon-
straintsalone, here they are derived under manipulation
operationsfrom geometricconstraintsaswell askinematic
anddynamicequations.

2 Motion of Contact

Considerthe problemof a translatingfinger
�

pushingan
object � in the plane. The coefficient of friction between� and the planeis everywhere � . For simplicity, let us
assumefrictionlesscontactbetween

�
and � , anduniform

mass(andthuspressure)distributionof � .
Let

�
’s boundarybea twice differentiablecurve � and� ’s boundarybe a piecewise twice differentiableclosed

curve � suchthat ���
	�� and �
����� locatethecontactpointon
thesetwo curves(in their local frames)respectively. Fol-
lowing convention,moving counterclockwisealong � and� increases	 and � . To avoid any ambiguity, thenotation
‘ � ’ meansdifferentiationwith respectto time, andthe no-
tation ‘ � ’ meansdifferentiationwith respectto somecurve
parameter. For example, ����������	��������� ���� � givesthe ve-
locity of the contactpoint on � . Assumethat onecurve
segmenton � staysin contactwith � throughoutthepush-
ing. Let !�" be thevelocity of

�
, ! and # thevelocity and

angularvelocity of � respectively, all in theworld coordi-
nateframe(Figure2).
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Figure 2: Pushingobject $ by finger % translatingatvelocity &�' .

That
�

and � maintaincontactimposesa velocity con-
straint ! ")( � � �	 � ! ( #�*,+-� ( +-� � ��/. (1)
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where +0�213�4� 57698/: 1 ; :=<?> 1:=<?> 1 6@83: 1BA is the rotationmatrix

associatedwith theorientation1 of � . NewtonandEuler’s
equationson rigid bodydynamicsarestatedasC (�DFE ;G�IH/JLK!NMPO9Q � RTSU. (2)

+)�V* C ( D E +�QW*V�X;G�IH/JLK! M �YO9Q � Z[�#G. (3)

where
C

is thecontactforceactingon � , H themassdensity
(not necessarilyuniform), J thegravitationalacceleration,R the mass, S the accelerationof the centerof mass \ ,
and Z the angularinertia about \ (all of � ). Here !NM]�! ( #^*_+�Q is the velocity at Qa`b� and K!NMW�dcYef cYe f is its

direction.g
With no friction at the contactpoint,

C
actsalongthe

inwardnormalof � : C�h +-� � � ikj (4)+-� � * C l ikm (5)

Finally, thenormalsof
�

and � at thecontactareopposite
to eachother;equivalently, wehave� � *,+-� � � in. (6)

as �L� h +-�o�Ipai alwaysholds.
If themotion !�" of thefinger is known, thereareseven

equations(1), (2), (3), (4), and(6) with seven unknowns	�.���.=!q.Y# , and
C

. r Fromtheseequations,wearenow ready
to derive thedifferentialequationsfor 	�.��/.Y! , and # .

Takingthedot productsof �L� with bothsidesof (1) and
rearrangingtermsthereafter, we obtains � � s r �	t;a�
� � h +-� � �q��u� � � h �
! ( #�*,+-�T;_! " ��m
Next differentiatebothsidesof (6):�
� � � *W+)� � �I�	 ( �v� � *,+)� � � �q�� ( �
� � h +-� � �w# � inm
Immediately, we cansolve for �� and �	 from thetwo equa-
tionsabove:��u� ; 5 �v� � h +-� � �w# s � � s r

( �v� � � *,+-� � �/xN� � h �
! ( #�*,+-�,;y! " �Xz A{ x �
� � h +-� � �@�v� � � *T+-� � � ( s � � s r � � *T+-� � � z j (7)

�	 � �L� h �2! ( #a*T+-� ( +)������|;y!�"3�s � � s r m (8)}
That ~ is translatingimplieseither ����,� or �,��,� afterthepushing

starts.So �=� canvanishover at mostonepoint ���4� , whichwill vanish
in theintegrationsin equations(2) and(3).�

Note that equations(1) and (2) and variables � and � are each
countedtwice.

If � and � areunit-speedcurveswith curvatures� � and��� , respectively, equations(7) and(8) aresimplifiedto

���� ;�# ( � � �L� h �
! ( #�*,+-�,;y!�"F�� � ( � � j
�	 � # ( � � ��� h �2! ( #a*,+)�,;_! " �� � ( �n� m

Now wemoveon to derivethedifferentialequationsfor! and # . First we take thecrossproductsof +-�o� with both
sidesof (3), eliminatingthe term containing

C�h +-�o� and
substituting(2) in aftertermexpansion:;��
� � h ����R,S�;_�IH/JF� � +)� � *,Z|�#Gm
Heretheterm

� � D E)�
+-� � h K!NM/�X+�Q ( x@� � h �
�W;�Q��Xz�K!NMPO9Q�. (9)

whenmultiplied by �IH/J , combinesthedynamiceffectsof
friction. Therefore

S � ��� r �#a*,+)���n;_��JF�� � � h � . (10)

where� ��� E O9Q���� � and � ��� �� aretheareaandthe
radiusof gyrationof � , respectively.

Taking the crossproductsof ��� with both sidesof (1)
andcancellingtheterm ����*�+-�o� accordingto (6), wehave
aftera few morestepsof termmanipulation� � *V�2!�"�;_!�� � �v� � h +-���w#[m (11)

Differentiatingbothsidesof (11)yields� � *,S ( �
� � h +)�L�I�#�� �	U� � � *_�
!�"�;_!F� ( � � *,SF";7xP�	q� � � h +-� ( � � h �¡#¢*,+-� ( +-� � ��N�YzU#[m (12)

Finally, substituting(10) in (12)gives:

�# � 5 �	q� � � *V�2! " ;_!�� ( � � *,S "; x �	q� � � h +)� ( � � h �2#a*,+-� ( +-� � ��N� z #( ��J� � � h � � � *T� A {£5 � � h + x � ( � r� � h � � � z A m (13)

Equations(7), (8), (10), (13), and �10�^# form a system
of ordinarydifferentialequationsthat canbe numerically
solvedfor �/.=	�.=!q.Y# . Notethatthemotionof � is indepen-
dentof its massdensityH .
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2.1 Degenerate Case

Theabovederivationof differentialequations(7), (8), (10),
(13) is correctonly if thedenominatorson their right hand
sidesdo not vanish. Clearly (8) always holds followings �L� s r l i . By parameterizing� and � asunit-speedcurves
with curvatures� � and ��� , respectively, wecaneasilyver-
ify that the denominatorin (7) vanishesonly whenoneof
thecurvesis concaveat thecontactwith � � ����� , a situa-
tion thatalmostneverhappens.

The vanishingof the denominator�o� h � on the right
in (10) implies that thecontactforce

C
passesthroughthe

centerof massof � , yieldingzerotorque.In themeantime,
wehave� � h �a¤�7i ¥ � � h � ( � r� � h � s � � s r ¤�¦i

¥ � � h �2� ( � r� � h � � � �-¤�¦i
¥ +-� � h +��
� ( � r� � h � � � �)¤�¦i
¥ � � h +0�
� ( � r� � h � � � �)¤�7inj

thatis, thedenominatorin (13)doesnotvanishif ��� h �a¤�¢i .
Hence�o� h �y�¢i , or equivalently, +)�,* C �7i , remains

theonly degeneratecondition. It follows directly from (3)
that �# � ; ��J � E +�QW*bK!NM§O¨Q��� r m (14)

Taking the dot productsof +)��� with both sidesof (2) we
obtain S h +-� � � ; ��J � K! M O¨Q h +-�o�� m
Taking the crossproductsof +-�o� with both sidesof (12)
andsubstitutingtheaboveequationin, we have

S � ;y©U+-� � * 5 �	�� � � *_�
! " ;_!F� ( � � *,S "
; x �	U� � � h +-� ( � � h �¡#a*,+)� ( +-� � ��N� z # A( �
� � h +)�L�I�#a*T+-� � ( ��J � E K! M O¨Q h +-�o�� � �¨ª« �v� � h +-� � ��m (15)

2.2 Integrals of Friction

To numericallyintegrate(7), (8), (10), and(13), it is nec-
essaryto evaluatetheintegral � thatdeterminestherole of

friction on dynamics.Let us rewrite � asa linear sumof
threesubintegrals:

� � DFE|�v+-� � h K! M �Y+�Q|O9Q ( �2� � h ���qD�E¬K! M O9Q
;­DFE)�2� � h Q��®K! M O¨Qom

In the degeneratecase,it is also requiredto evaluatethe
integral � E +�QW*bK! M O¨Q in equation(14).

When the object � is translatingat velocity ! , these
evaluationsareeasy: � � �2� � h �L� � K!�jDFEt+�QW*bK! M O9Q � inm

The caseof the object translatingat velocity +°¯Ig�!a��2!²±n.=!²³²� androtatingaboutits centerof massatangularve-
locity #´¤�µi (all with respectto the body frame)canbe
regardedas the object rotating aboutsomemoving point#¶*7�2!²±k.Y!²³²�=·�# r �¸�X;G!²³�·�#[.Y!²±/·�#�� , called the instanta-
neousrotationcenter(i.r.c.). In polarcoordinateswith re-
spectto the i.r.c., all the aforementionedsubintegralsare
reducibleto one-variableintegrals[9].

For polygonalshapes,closedformsof � exist; for most
othershapes,it canonly beevaluatednumerically.

2.3 Initial Accelerations

Giventheinitial contactpositions���2	U¹N� on
�

and �
�v�¨¹®� on� , andtheinitial poseof
�

, theinitial velocitiesare!U�vi/�º�¦! ¹ �¢ik.­#|�vi/�º��# ¹ �¦ik. and !�"U�vi/�º�¢ikm
Pluggingthe above into (7) and(8) yields zeroinitial ve-
locitiesof thecontactpoint:��/�vi/�º�7i and �	��
i3�º�¦ikm

In the degeneratecasewhere the contact normal »
passesthroughthe centerof mass \ , the initial accelera-
tion andangularaccelerationfollow easily from (14) and
(15):

�# ¹ � ; ��J � E QW*T»¼O¨Q��� r� ; ��J � E Q|O¨QW*T»��� r� ikjS3¹�� ; +-�o�o*_�v���o*TS " � ( ��J��v» h �o�½�X�L�� � h +-� �� S " ; S " h +)���� � h +)� � � � m
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Herewewrite �!��vi/�º�¦S ¹ and �#|�vi/�º�¾�# ¹ .
In the non-degeneratecase,we have �# ¹ ¤�¾i . Under

Coulomb’s law, thefrictional force
� M at Q¿`¿� is opposed

to theaccelerationS�Mn�
i/�À� �!NMn�
i/�V�ÁS3¹ ( �#�¹�*�Q ( #L¹�*V�¡#�¹�*�QU�� S3¹ ( �#L¹�*�Q� �# ¹ � S3¹�# ¹ (¢Â *�QU�@m
By a simpleargument,the sign of �#�¹ mustagreewith its
sign were there no friction; henceit is known. Conse-
quently, KS M �
i3� , � M , and

� ¹ � DFE x +-� � h KS M �
i/� z +�Q ( x � � h �2�¿;TQU� z KS M �
i3��O¨Q
becomefunctionsof Ã�ÄÅÆ Ä . Thus(10)canberewrittenas

S3¹�� ��� r �#�¹�*T+-�o�k;y��J��Ç¹�� Ã ÄÅÆ Ä �� � � h � m (16)

Meanwhile,it follows from (12) that

�# ¹ � �L�Ç*V�
S " ;¬S3¹N�� � h +-�� � � *TS "� � h +-� ( �]*^Ã�ÄÅÆ Ä m (17)

Dividing bothsidesof (16) by �# ¹ andsubstituting(17) in,
wegetthefollowing equationin Ã�ÄÅÆ Ä :

S ¹�#L¹ � ��� r *W+-� � ;_��JF�o¹/� Ã ÄÅÆ Ä � ��È
É Ê �/Ë ��Ì�Í ÄÎÏ Ä� È Ì Ã9Ð� � � h � m (18)

Equation(18)is solvablefor Ã ÄÅÆ Ä by theNewton-Raphson
method,with thederivative ÑU� ¹ ·²Ñ|Ã ÄÅÆ Ä approximatedby nu-
mericaldifferences.HenceS ¹ and �# ¹ aredetermined.

2.4 Contact Breaking

Theonly constraintthatwasleft outin thederivationof dif-
ferentialequations(7), (8), (10),and(13) is inequality(5).
Thisconstraint,however, is usedto checkwhenthecontact
betweenthefingerandtheobjectbreaks.Morespecifically,
thecontactbreakswhen +)���Ç* CÓÒ i .

3 Sensing Initial Pose

Assumethe presenceof a tactile sensorattachedto finger�
thatmeasuresthevalueof parameter	 at thecontacton

thefingerboundary� . In addition,the initial poseof
�

is
assumedto be known, andthe controlleris assumedto be
exactso the finger velocity ! " is known. Thus,the initial

poseof object � is completelycharacterizedby parameter� ¹ thatgivesthe initial contacton objectboundary� , and
sois thecontactmotion 	 on � accordingto equations(7),
(8), (10), and(13). Without any ambiguity, we denotethe
contactpoint on � at time Ô , with respectto initial pose� ¹
of � , as 	§�v� ¹ .=ÔY� .

Let finger
�

pushobject � for sometime Õ°Ô . Thesens-
ing problem: Given contactpositions 	q¹².¨m9m¨m9.Y	�Ö ¯Çg on

�
at time Ô�¹¶�Ài , Ô g .9m¨m9m@.=ÔXÖ ¯Ig �ÀÕ°Ô , respectively, dur-
ing the pushing,find an initial pose(s)� ¹ of � suchthat	L��� ¹ .YÔX×w�º�¢	�× , for i ÒÙØ�ÒbÚ ; Â .

Let us look at two sensorvalues	 ¹ and 	 g first. Con-
siderparameter	 asa mapping,definedby thefingermo-
tion, from an initial pose �¨¹ of � to the contactposi-
tion 	L���¨¹�.YÔ g � on

�
at time Ô g subjectto 	§�v�¨¹�. i/�y�Û	U¹ .

Sincethereexists no closedform of 	 , we canonly solve
the equation 	L���¨¹�.YÔ g �Ù�Ü	 g numerically. For instance,
the Newton-Raphsonmethodcanbe usedwith numerical
derivative Ý �/Þàß Ä@á �vâXãÝ ß�Ä .

Newton-Raphson may find multiple solutions to	L��� ¹ .YÔ g ���ä	 g with different initial guessesof � ¹ . This
meansthat multiple initial posesof � may result in the
samecontactpositionon

�
at time Ô g , which often turned

out to be the casein our simulationsto be discussedbe-
low. We needto verify theseposesagainstsensorvalues	 r .¨m9m¨m9.Y	�Ö ¯Çg to eliminatetheambiguities.

4 Simulations and Experiments

Simulationswereconductedon two typesof fingers(lines
andellipses)andtwo typesof objects(ellipsesandpoly-
gons). All dataweregeneratedrandomly. å We simulated
threetypesof pushing:ellipse(finger)-ellipse(object),line-
ellipse,andellipse-polygon.

Closedformsof integral � exist for polygonsbut not for
ellipses. On a Sparcstation20, oneevaluationof � takes
about0.15sfor a hexagonandabout2sfor anellipse.The
computationof initial accelerationsasin Section2.3 takes
about1.6sand25sfor thesetwo shapes,respectively.

A push was performedfor a certain amountof time
(measuredin the stepsof forward integrationon (7), (8),
(10), and(13)). During the push,the initial, the final, and
oneintermediatecontactpositionsonthefingerweretimed
andrecorded.Thealgorithmin Section3 computedpossi-
ble initial posesof theobjectwhich,underthepush,would
causethe contactto move from the initial position to the
intermediatepositionon the fingerat the recordedtime. æç

Randompolygonsweregeneratedby takingrandomwalkson anar-
rangementof a largenumberof randomlinesprecomputedby a topologi-
cal sweepingalgorithm[5].è

More specifically, thealgorithmguesseda numberof initial contacts
ontheobject,andcalledtheNewton-Raphsonroutine.In theexperiments,
10 guesseswere taken for an ellipse and 3 guessesfor eachedgeof a
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Thefinal contactpositionwasthenusedto distinguishbe-
tweenambiguousposes.

Table1 shows the sensingresultsunderno friction be-
tweenthe objectandthe plane.é It suggeststhat the pose

type # tests # succs succ ê <àë�ì ·Nê ì¨: ê
ratio (min.)

ellips-ellips 1000 978 97.8% 1.11
line-ellips 1000 975 97.5% 1.51
ellips-poly 200 189 94.5% 5.06

Table1: Sensingresultsin thefrictionlessplane.

of an objectis oftencomputablefrom threeinstantaneous
contactson a pushingfinger.

The simulation outcome that the finger contacts	q¹².=	 g .Y	 r at time instantsÔ�¹/.YÔ g .=Ô r , respectively, oftende-
terminetheobjectposecanbeexplainedintuitively through
Figure 3. Considerthe mappingdefinedby the pushing

t t21
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s
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(       )t,

(       )t,

, t(        )u
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Figure 3: Explanationof how sensingworks.

fromtheinitial objectpose� ¹ to thecontactmotion 	§�v� ¹ .YÔY�
on the finger, subjectto 	§�v�¨¹�.=ÔY�í�î	U¹ . At time Ô g , very
likely multiplecontactmotionsstartingat 	U¹ will reach	 g ,
theintermediatecontactposition.Thiswasobservedin the
simulations.But almostdefinitely, only oneof thesemo-
tionswill alsoreach	 r at time Ô r .

Theslow numericalevaluationof integral � prohibitsus
from conductinglargenumberof testson sensingellipses
by pushingundersliding friction. Simulationsunderfric-
tion were only performedon polygons,for which closed
formsof � exist. The105teststook about65 hours,yield-
ing 94 successes,11 failuresandambiguities.

Later we conductedsomeexperimentswith an Adept
550 robot. The “finger” in our experimentswasa plastic

polygon.ï
For theeaseof testinglarge groupsof data,only constantfingerac-

celerationsð ' were usedin our simulations. However, the subsequent
observationsareexpectedto alsohold for arbitrary ð ' .

discheldby the robotgripper. Sinceno tactilesensorhad
beenimplemented,the disk edgewasmarkedwith angles
from the disk centerso a contactposition could be read
by flesheyes. Plasticpolygonalpartsof differentmaterial
wereusedasobjects.A plywoodsurfaceservedasthesup-
portingplanefor pushing.Figure4 showsanexperimental
setup.

Figure 4: Experimentalsetupof pose-from-pushing.Thecoeffi-
cientof contactfriction betweenthepartandthedisk (finger)was
small(measuredto be0.213).

Simulation and experiment results on pushing were
foundto agreeclosely(Figure5), with slightdiscrepancies
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Figure 5: Simulationsversusexperimentson a triangularpart.
Theinitial contactsñ�ò werechosento beat discretizedlocations
on thepartboundary. The initial contactó ò on thepushingdisk
wasalwaysat 90 degreesfrom its center. Thesamedisk motion
wasusedin all experiments.The dottedlines illustratethe case
where ñ�ò�ô¢õ¨õ (cm): Four feasibleposeswerefoundby thesim-
ulatorfrom contactposition ó } afterthepush.

mainlydueto shapeuncertaintiesandnon-uniformproper-
tiesof thedisk, theparts,andtheplywood,all handmade.

We also did someexperimentson sensing. Insteadof
onepush,two consecutive pusheswereperformedso that
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thecontactpositionafter thefirst pushservedasthe inter-
mediatecontactposition.

5 Summary

We have introduceda sensingmethodapplicableto many
graspingtasks.Themethodfindstheposeof a known pla-
narobjectby pushingit with a fingertip and“feeling” the
contactmotion. Pushingis viewedasa mappingfrom the
one-dimensionalsetof possibleinitial posesö of theobject
to the setof contactmotionson the fingertip; andsensing
is viewed asits inversemapping. Givenan initial contact
on thefingertip,thesetof possiblecontactpositionsat any
timeinstantduringapushis one-dimensionalandgenerally
continuous.Conversely, only a finite numberof initial ob-
jectposesgenerallymayresultin asensedcontactposition
at that time instant.Therealposeis furtherdeterminedby
sensingyet a third contactposition.

Contactmotionsare derived from a set of differential
equationsthatconsistof thegeometricandkinematiccon-
straints,aswell asthe dynamicsof pushing.A numerical
algorithmis presentedto find the initial poseof an object
givena finite numberof intermediatecontactpositionson
apushingfinger. Althoughin someworstcases[9] sensing
ambiguitiescannotbeeliminatedevenif theentirecontact
motion on the finger is known, simulationresultsdemon-
stratethattheinitial, thefinal, andoneintermediatecontact
positionsoftensuffice for determiningthepose.A sensing
failure may be recoveredby repeatedpushingat different
portionsof theobjectboundary.

This work is the first stepof our ongoingresearchon
graspingpartsof known shapesandon the integrationof
sensingandgrasping.

More work is neededon improving theefficiency of the
sensingalgorithm which is currently inadequatefor any
real applicationswherefriction exists. For eachpart, we
coulddiscretizeits boundaryandprecompilea tablefrom
which posescanbe directly looked up with contactposi-
tions. We would like to extendthecontactmotionanalysis
to frictional pushingcontacts.Otherfuture work includes
anextensionto non-uniformpressuredistributions,aswell
astheimplementationof atactilesensorcapableof sensing
timedcontactpositions.

Acknowledgements Thanksto Matt Masonfor aninterest-
ing discussionon thetopicsof pushingandpressuredistri-
bution; andto Kevin Lynch for an introductionto his re-
latedwork on activesensingby pushingusingtactilefeed-
backandfor many helpful commentson the paper. Also÷

The initial contacton the fingertip canbe sensed,and the fingertip
normalis oppositeto theobjectnormalat thecontact,asgiven by equa-
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