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Abstract

Thispaperoffers a computationalstudyof finger localizationon
2-D curvedobjectsusing tactile data which builds on efficient
numericalprocessingof curves.

Our first algorithm localizesonerolling finger on a station-
ary object. It finds all boundarysegmentswith the samearc
lengthand total curvature computedfrom tactile data. Theal-
gorithm slidesan imaginary segmentalong the objectboundary
byalternativelymarching its twoendpointsforward, stretchingor
contractingthesegmentif necessary. Througha curvature-based
analysisweestablishtheglobal convergenceof thealgorithmto
every location of such a segmentand also derivethe local con-
vergencerate. Thealgorithm runs in time linear in the sizeof
the discretizedboundarycurvedomain,which is asymptotically
asfastascomputingtheobject’s perimeterthroughnumericalin-
tegration.

Basedontheaboveresults,wethenpresenta globalalgorithm
to localizetwo fingers rolling on a freeobject.Thishasconsider-
ablyimprovedoverour previouslocalalgorithm[6] usinga least-
squaresformulation. Thealgorithmpartitions theobjectbound-
ary into segmentsoverwhich relatedtotal curvature functionsare
monotonic.Thenit combinesbisectionwith forward marching to
search for possiblelocationsof the fingers within every pair of
such segments.

1 Introduction

A robotgraspingstrategy oftenrelieson knowledgeof the
exact placementof the fingerson an object. The useof
tactile informationcombinedwith objectgeometrycanfa-
cilitate thelocalizationof thefingersrelative to theobject.
In this paper, we investigatehow oneor two fingerswith
tactilecapabilitycanactively determinetheir locationson
a curvedobjectfrom a few contactpointsrecordedon the
fingertips.

The action taken by the fingers is rolling on the ob-
ject, which is boundedby a known parametric2-D curve
with nontrivial curvatureundefinedat no morethana few�
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isolatedpoints. The kinematicsof rolling togetherwith
recordedfinger contactswill reducelocalizationto iden-
tifying curve segmentson the object boundarythat meet
geometricrequirementson arclengthandtotal curvature.

In Section2 we studya simpleversionof localization
with onedisk-like fingerrolling on a stationarycurvedob-
ject. We will presenta numericalalgorithmwith provable
behavior. In Section3 wemoveon to theproblemof local-
izing two rolling fingersona freeobject.Theproblemwas
studiedearlier in [6] but only partially solved by a least-
squaresmethod.Built on theresultsin Section2, a global
algorithmis presentedto find locationsof bothrolling fin-
gers.Simulationswill bepresentedin Section4, followed
by furtherdiscussionsin Section5.

1.1 Related Work

Thiswork is foundedoncontactkinematicswhichdescribe
themotionof apointcontactbetweentwo rigid bodiesby a
setof differentialequations[11, 2]. Thespecialkinematics
of rolling motionallow fingerlocalizationto beformulated
asa purelygeometricproblem.

Grimson and Lozano-Ṕerez [5] usedtactile measure-
mentsof positionsandsurfacenormalsfor recognitionand
localizationof 3D polyhedra.KriegmanandPonce[8] ap-
pliedeliminationtheoryto matchcurvedthree-dimensional
objects with the shapeof image contours through fit-
ting. Rimon andBlake [12] showed how to “cage” a 2-
dimensionalobjectusingtwo fingersbut only onedegree
of control.

Allen andRoberts[1] deployed robot fingersto obtain
a numberof contactpointsaroundan objectandusedfit-
ting to reconstructtheobject’sshape.Erdmann[3] showed
that the local geometryof an object with known angular
velocitycanberecoveredby two passive lineartactilesen-
sors.Extendingthis work, Moll andErdmann[10] applied
quasi-staticdynamicsto reconstructtheshapeof a convex
objectandestimateits motionfrom tactilereadingson two
palmsin frictionlesscontactwith theobject.

Fischler[4] describedanalgorithmto locatepointswith

Appeared in Proceedingsof the2001IEEE/RSJInternationalConferenceon IntelligentRobotsandSystems.

1



extremecurvatureson planarcurves and reconstructthe
original curves basedon thesepoints. Mokhtarian and
Mackworth[9] usedinflectionpoints(wherecurvaturesare
zero)for planarcurvedescriptionsandmatching.

In the author’s recentwork [6], the problemof localiz-
ing two rolling fingerson a freeobjectwaspresentedwith
a least-squaressolution.Nevertheless,thesolutionmethod
guaranteedneitherconvergencenor completenessandwas
slow. In Section3, we will presenta globalnumericalal-
gorithmto solve thesameproblem.

2 Localizing on a Stationary Object

We first look at how to determinethe locationof a finger
rolling onastationaryobject.Boththefingerandtheobject
canbeof any shapeaslongasthey maintainpoint contact.
Let theobjectbeboundedby a regularcurve � ����� , where�

is the locationof contact. To simplify the analysis,we
assumethefingerto bea disk describedby � �
	���
�����
�������� ,
where

�
locatesthecontacton thediskandcanbedetected

by its tactilesensor. SeeFigure1.
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Figure 1: A disk rolling on astationarycurvedobject.

Contactkinematics[11, 2] givethevelocitiesof contact:������ ���� � �  !#" �%$'& �(��� � (1)

��)�*� ���� �  + �), �����'+.- !�/ � " & �(���10 � (2)

where� is time,  theangularvelocityof thedisk,and & �����
thecurvatureof � at

�
. From(1) and(2), we obtain � ��2�� ��#+ � , ������+ . The length 3 of � over 4 �'5��6�87:9 is

�;�<�=7;��.5'� � , henceknown from thetactilereadings.Pluggingthis
equalityinto (1) yields��>+ � , ������+ & �(�?�@� ��A�  CB
Integratethis equationover thetime period 4 D � � 9 :� 7 �E� 5 "GFIH5  �
JK� � JL� FNMPOM1Q &

�<RS��+ � , �<RS��+ � R B (3)

Here T �(�'5K�:�87��U�WV MPOMXQ & �
RY�'+ � �<RS��+ � R is thetotal curvature
of � over 4 �'5K�6��769 . It givestheamountof rotationof theunit
tangentZ � � , / + � + asit movesfrom

�'5
to
�87

.
Theamountof rotation

V H5  �<JK� � J of thedisk is known.
Thusthe total curvature [ over 4 �'5K�6�87:9 is alsoknown ac-
cordingto (3). The locations

��5
and

�87
of the disk on �

canthenbesolvedfrom thefollowing equations:

\ �����P]P�^� F`_
M
+ � , �<JK��+ � Ja� 3 � (4)

T �����P]P�b� F`_
M &

�<JK��+ � , �
JK��+ � Ja� [ B (5)

Geometrically, the problemis to locatea curve segment
with length 3 andtotal curvature[ .

Oftenthe integral
\

hasno closedform andneedsto be
evaluatednumerically. The integral T �����P]P� hastheclosed
form cKd 	'	e�f
e� Z �(��� $�Z �<]P�P� if it is within

�1�hg@��gi�
andoth-

erwisecannotbe determinedfrom Z �(��� and Z �
]P� alone.
We needto look for numericalsolutionsof equations(4)
and(5).

2.1 Convex Boundary Curve

We begin with thecasethat the boundarycurve � is con-
vex. Below we presenta marching algorithmthatfindsall
curve segmentson the boundarywith length 3 and total
curvature [ . For clarity of presentation,we assumethat �
is unit-speed.But the results(including the convergence
rate)will extendto any regularparameterization.Also we
assume& �����)j D for all

�
. Extensionto & �����)k D will not

bedifficult.
Definethe function l ����� suchthat T �����:� " l �������m� [ .

Namely, l �(�?� is thelengthof thecurve segmentstartingat�
over which thetangentrotatesby theangle [ . Thealgo-

rithm startsat location
��5)� D andgeneratestwo sequences��5��:�87��6�?no� B'B�B and

]X5K��]�7���]1no� B'B�B underthefollowing rules:

Case 1 l ��� 5 �hj 3qp ]1ra� �?r " l ���?rs�ut�'r�v 7 � ]1r�� 3 B
Case 2 l ��� 5 �hw 3qp ]1ra� �?r " 3 tT ��� r�v 78��] r �b� [ B

Figure2 illustratesthe working of the algorithmin these
two cases.For a non-unitspeedcurve,

] r
and

� rxv 7
areob-

tainedfrom
] r<y 7

and
� r

throughnumericalintegration.
We first studythe behavior of the algorithmin Case1

andestablishits convergence.Definethe function z �����m�T �����:� " 3 � to measurethetotal curvatureover a segment
of length 3 that begins at

�
. Let { j D be a solution toT �����:� " 3 �|� [ suchthat every other solution } k~�'5

implies } j { . So { is thefirst feasiblestartingpointof the
curvesegment.Let � � { " 3 beits endpoint.It is easyto
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Figure 2: Two casesof marching� and � : (a) ���
�u�1�(�X�
�=�I� but �?�
�u�s�s�X�
����� ; (b) �'�
�u�s�s�X�
�=�`� but ���
�u�1�s�s�
����� .
show by inductionthe following Lemma(a proof is given
in [7]):

Lemma 1 In Case1,
� r wG� rxv 7mw { holdsfor all � k D .

The above lemma establishesthat the two sequences� 5 �:� 7 � B�B'B and
] 5 ��] 7 � B'B�B aremonotonicandboundedby {

and � , respectively. Hencethey convergeto, say,
���

and
]��

where T ��� � �P] � ��� T ��� � �:� � " 3 ��� [ . Therefore
� � � {

and
]��m� � by definitionof { and � . Thenext lemmagives

thelocal convergencerate.

Lemma 2 Supposez � D ��w [ . Then & � � ��k & � { � , where& � { �h� & � � � holdsif andonly if z , � { �C� D . When& � � �mj& � { � , thealgorithmhaslinear convergencerategivenbya
factorof & � { � / & � � � .
Full proof of theabovelemmais givenin [7].

Similarly, in Case2, z , � { �m� D . It follows that & � { ��k& � � � wherethe equality holds if and only if z , � { ��� D .
The local convergencerate in this caseis linear given by& � � � / & � { � when & � { ��j & � � � .
Proposition 3 Thealgorithmconvergesto thefirstfeasible
segmentsatisfying(4) and(5) in themarchingdirection.

To find thenext segmenton � , wereset
�'5

to bethesum
of a very smallpositive amountand

�?r
for largeenough� ,

andrepeatthe sameprocedure.Both
�

and
]

move along
the objectboundaryno morethanonceat stepsize � . So
at most �8Z / � stepsare performedin all numericalinte-
grations. The numberof numericalstepsfor obtaining]X5

is � � Z / � . Hencethe algorithm performsat most�8Z / � " � numericalincrements.

Theorem 4 Themarchingalgorithmlocatesall curveseg-
mentswith length 3 and total curvature [ on a non-
degenerate closedsimplecurve � up to numerical reso-
lution in no more than � � Z / � � numericalsteps.

2.2 Non-Convex Boundary Curve

In this section we extend the localization procedurein
Section2.1 to an arbitrary-speedclosedsimple curve � .
The correctnessof that procedurerelies on that the total
curvature T �����P]P� haspartial derivatives �=T / � �Nw D and��T / � ]Uj D for all

�;w�]
. This is no longertrueeverywhere

when � hasconcavities. For example,if & ������w D , then��T / � �mj D .
We marchthe two endpoints

�
and

]
of a hypothesized

curve segmentcounterclockwisealong � . Therearefour
basicmodes: convex-convex ( & �(���`k D and & �<]P�Ik D ),
concave-concave( & �(����� D and & �<]P��� D ), convex-
concave( & �(���Ek D and & �
]P�2� D ), and concave-convex
( & ������� D and & �<]P��k D ).

Within eachof the four modes,the hypothesizedcurve
segmentslidesalong � until aninflectionpoint

7
is reached

by either
�

or
]
sothatthemodechanges.Location(s)of the

desiredcurvesegment,if exists,is alsofoundduringthead-
vancement.Slidingis doneby increasingoneof

�
and

]
and

simultaneouslykeepingtrack where the other shouldbe
(withoutactuallyincreasingit). Figure3 illustratestheop-
erationsin themodesconvex-convex andconcave-convex.

Bisectionwill beinvokedin themodesconvex-concave
and concave-convex. In preprocessing,we computeall
points of inflection; and then in � � Z / � � time we evalu-
atearc lengths

\ ���87���� r �
andtotal curvaturesT �
�o78��� r � , for� � ! � B�B'B �P� , and

\ �
�� ¡���o7 " Z � and T �
�� ¢�:�87 " Z � . For
a detaileddescriptionof all operations,we referthereader
to [7], wherethe total numberof numericalincrementsis
shown to beat most £8Z / � .
Theorem 5 All segmentswith length 3 andtotal curvature[ canbe foundon a closedsimplecurvedefinedon 4 D � Z 9
up to numericalresolutionin � � Z / � � steps.

We candirectly modify the marchingalgorithmto find
all stationarypointsof the total curvaturefunction T �(���P]P�
over any segmentof length 3 alonga closedcurve. It is¤

A simplepoint of inflectionsatisfies¥C¦�§ but ¥o¨¡©¦�§ .
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Figure 3: Two of thefour modesof thelocalizationalgorithm: (a) convex-convex, where ª.�
������« and ª¡�¬�1���E« , andits following mode
(b) concave-convex, where ª¡�
�e��­®« and ª¡�¬�1���¯« . The function °i�
��� determinestheendingpoint of a curve segmenton ± of length� thatstartsat � . In both(a) and(b), ²�³ correspondsto thefirst inflectionpoint after � , and ²e´ the last inflectionpoint before � . In (a), �
advancesto µ�¶¸·¹�º°i�<²'³'���1²e´¼» ¤ ����°i�<²�³?� and � advancesaccordinglyto ²�³ . In (b), � advancesto µ�¶¼·¹�<²�³8�1°=½ ¤ �<²e´¼» ¤ �X���I°i½ ¤ �<²e´¼» ¤ � and �
advancesaccordinglyto ²e´¼» ¤ . Thenext modeis concave-concave.

not hardto show thatsucha stationarypoint satisfiescon-
dition (4) in additionto thefollowing condition:

& �<]P��� & �(���U� FI_M & ,
�<��� � ��� D B (6)

Therolesof T �����P]P� , & , andinflectionsin themarchingal-
gorithmarenow replacedby & �<]P�#� & �(��� , & , , andvertices
in the modified version. And the preprocessinginvolves
computingall simplevertices

n
of thecurve.

3 Localizing on a Movable Object

Now we considerthat the object is no longer stationary.
It movesin responseto the disk rolling. We let a second
identicaldisk with tactile capabilityrolling on the object,
asshown in Figure4. Let  �¾ and ¿ be theangularveloc-
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Figure 4: Two fingersrolling on oneobject.

ities of the objectand the seconddisk, respectively. The
contactbetweenthe objectandthe seconddisk aredeter-
minedby the parameters

R
and

]
, respectively. The kine-

maticsof bothcontactsarealmostthesameas(1) and(2)À
A simplevertex of acurve satisfies¥8¨f¦Á§ but ¥8¨ ¨�©¦�§ .

exceptthenumeratorsneedto bereplacedwith therelative
angularvelocity  �  �¾ and ¿ �  �¾ . We caneliminatethe
object’sangularvelocity  �¾ [6]:��Â� & �����=+�Ã , ������+ �� "  � �RL� & �
]P�=+eÃ , �<]P��+ �] " ¿ CB (7)

Let thetwo disksrecordcontactpositions
�'r��P]1r

simultane-
ouslyat threetimeinstants� 5 � � 7 � � n . Integrateequation(7)
over 4 � 5 � � 7 9 and 4 � 5 � � n 9 yields

T ���'5��:�87���� T �<]X5f�P]�7��^� [ 78� (8)T ���'5��:�?n?��� T �<]X5f�P]1n?�^� [ n B (9)

Here [ r is computedfrom sensordata
� 5

and
�¢r

, control
data and ¿ , andtime � 5 and � r . Moreover, thearclengths3 7%� \ �(��5��:�87e� , 3 n;� \ �(�'5K�:�?n?� , 3#Ä � \ �<]X5��P]�7e� , and 3#Å �\ �<]X5K��]1n'�

areknown.
Geometrically, localizationis equivalentto finding two

pointson � atwhicha) thetwo segmentsof lengths3 7 and3 Ä , respectively, differ by [ 7 in total curvature,andb) the
two segmentsof lengths3 n and 3#Å , respectively, differ by[ n in total curvature.In thebelow, wewill presenta global
numericalalgorithmthatfindsall pairs

�'5
and

]X5
satisfying

equations(8) and(9).

3.1 Domain Partitioning

Definethefunction z r��(��� asthetotalcurvatureof asegment
of theboundarycurve � startingat

�
andhaving length 3 r .

Thestationarypointsof z 7 and z n , foundby themodified
marchingalgorithm in the end of Section2.2, divide the
curve domaininto

�
intervals 4 { r � { rxv 7u9 , � � D � BxB�B ���2� !

and {  I� { 5 " Z . The valuesof z 7 and z n at all { r are
computedwith one round of integrationsof

+ � , + and &
along � in time � � Z / � � . Similarly, the stationarypoints
of z.Ä and z.Å divide 4 D � Z 9 into � intervals 4 � r � � r�v 769 , � �D � B�B�B � � � !

and �uÆ � � 5 " Z , and z¡Ä and z.Å at all ��Ç are
evaluated.
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Within eachinterval 4 { r � { rxv 769 , both functions z 7 andz n increaseor decreasemonotonically. Similarly, thefunc-
tion z¡Ä and z.Å are also monotonicwithin eachinterval4 ��Ç � ��Ç v 7u9 . The localizationalgorithmenumeratesall

� �
pairsof intervals 4 { r � { r�v 769 and 4 ��Ç � ��Ç v 769 . It determinesif
eachpair containsfeasiblestartingpointsof thecurveseg-
ments,andnumericallyfindsthemif so.

3.2 A Pair of Monotonic Intervals

The ideais to usetheone-to-onecorrespondencebetween�
and

]
asdefinedby equation(8) or (9). We ensurethat

oneof them, say (8), is always satisfiedwhile moving
�

within theinterval 4 { r � { r�v 7:9 and
]

(accordingly)within the
interval 4 ��Ç � ��Ç v 7u9 .

Movementof
�

resultsin movementsof theendpointsof
thetwo segmentsof length 3 7 and 3 n thatstartat

�
. This

is donethroughnumericallyintegrating
+ � , + . Updateson

their total curvaturesz 7 ����� and z n �(��� areperformedalong
theway. Similarupdateson z Ä �(�?� and z Å �(�?� areperformed
asa resultof themovementof

]
.

Let È r be the interval definedby z 7 � { rs� and z 7 � { rxv 7 � .
And let É8Ç be the interval definedby z¡Ä � ��Ç � " [ 7 andz.Ä � ��Ç v 7�� " [ 7 . If È rUÊ É8Ç �ÌË

, then the pair 4 { r � { rxv 769
and 4 ��Ç � ��Ç v 769 canbeexcludedfrom consideration.

Otherwise,we first determinethemaximalsubintervals
of 4 { r � { rxv 769 with endpointsÍ ��Î wherez 7K� Í ��w z 7K�<Î�� and
of 4 � r � � r�v 769 with endpointsÏ ��� where z¡Ä � Ï �qw z¡Ä ���f�
suchthat z 7K� Í �;� z¡Ä � Ï � " [ 7 and z 78�<Î��;� z.Ä �
�Y� " [ 7 .
Therearea numberof cases,oneof which is illustratedin
Figure5.
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Figure 5: One-to-onecorrespondencebetween� and � definedbyÐ ¤ �
�e�¢Ñ Ð�Ò �¬�X�Ó��� ¤ as � decreasesfrom Ô to Õ while � increases
from Ö to ² . Since

Ð ¤ �º×K�
��� Ð ¤ �º×K� » ¤ � and
Ð Ò �ºØsÙ?��­ Ð Ò �ºØXÙ » ¤ � ,

startwith �>ÚÛ× � » ¤ and ��ÚÛØ Ù . Suppose
Ð ¤ �º× � » ¤ �U� Ð�Ò �ºØ Ù �¡Ü� ¤ . Increase� until

Ð ¤ �º× � » ¤ �>� Ð�Ò �¬�1�¡Ü2� ¤ andthenlet Ö®ÚÝ�
and Ô�ÚÞ×K� » ¤ . Meanwhile,suppose

Ð ¤ �º×K�
��� Ð Ò �ºØXÙ » ¤ ��Ü2� ¤ .
Let �ÂÚß×K� and increase� until

Ð ¤ �
�e�%� Ð Ò �ºØsÙ » ¤ �ÓÜI� ¤ . LetÕ)ÚÛ� and ²�Ú�Ø � » ¤ .
As
�

changesfrom Í to
Î
,
]

changes(accordingly)fromÏ to
�
. We first considerthat oneof z nf����� and z.Å �<]P� in-

creasesand the other decreases.Without loss of gener-
ality, supposez n ����� increasesas

�
changesfrom Í to

Î

while z.Å �<]P� decreasesas
]

changesfrom Ï to
�
. Thenz n������>� z.Å �
]P� increases.A uniquepair of curve locations

exist if z n�� Í �Ó� z.Å � Ï �hw [ n and z nK�
ÎS�Ó� z.Å �
�Y��j [ n . The
locationscanbefoundusingbisection.

Otherwise,both z n ����� and z Å �
]P� increaseor both de-
crease.We employ an iterative procedureasillustratedin
Figure6.

y ww 01w2
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φ φ
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Figure 6: Iterationswhenboth
Ð À and

Ð¹à
decrease.Startwith�#ÚáÔYâU�`Ô and�iÚ�ÖUâ>�2Ö . Alternatelymovefrom ÔS� to ÔS� » ¤

andfrom ÖU� to ÖU� » ¤ asfollows. Since
Ð à �ºÖUâe��Ü|� À � Ð À �ºÔSâu� , �

decreasesfrom Ö â to Ö ¤ where
Ð¹à �ºÖ ¤ �oÜ�� À � Ð À �ºÔ â � . But nowÐ�Ò �ºÖ ¤ �iÜ`� ¤ � Ð ¤ �ºÔ â � . Next, increase� from Ô â to Ô ¤ whereÐ ¤ �ºÔ ¤ �=� Ð Ò �ºÖ ¤ ��ÜÁ� ¤ . A new roundstartsby decreasing� fromÖ ¤ to Ö À to reestablish

Ð à �ºÖ À �=Ü2� À � Ð À �ºÔ ¤ � . The iterations
continueuntil thedifferencebetween

Ð�à �ºÖ � �.Ü�� À and
Ð À �ºÔ � � is

smallenoughor oneof Ô � and Ö � exits thecorrespondinginterval.
In the former case,locationshave beenfound. In the later case,
locationsdonot exist.

The two intervals may containmore than one pair of
feasiblelocationsof curvesegments.To find thenext pair,
we passby

�?r
and

]1r
for largeenough� by a smallamount

andcontinuetheprocess.
In theworstcase,thealgorithmrequires� �P� � " �i� Z / � �

steps. The real running time is usually fastersincemost
of the � � pairs È r and É8Ç of intervals arerejectedduetoÈ r¹Ê É8Ç �WË , aswehaveobservedin simulations.

4 Simulations

Weimplementedbothlocalizationalgorithmsin C++. Sim-
ulationsof themarchingalgorithmin Section2 werecon-
ductedon cubicsplines,limaçons,logarithmicspirals,ex-
ponentialcurves,etc. In Figure 7, the disk startsrolling
at {Yã on a cubic splineandstopsat �uã . The localization
algorithmfinds six segmentsover 4 { r�� � r<9 , D � � � £ , re-
spectively, that have length

\ � {Yã � �uã � and total curvatureT � { ã � � ã � . To eliminatethe ambiguities,the disk contin-
uesrolling from � ã to } ã andreliesontheextra information\ � � ã � } ã � and T � � ã � } ã � .

In Figure8, two fingers(not shown) roll from
�'5

to
�87

to
�?n

and from
]X5

to
]�7

to
]1n

, respectively. Here [ 7¯�� D B¼ä �K£��8åfæ , and [ n �ç� ! B èKè æoå è . The stationarypoints
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Figure 7: Simulationof themarchingalgorithmonacubicspline.

of z 7 and z n divides the curve domaininto 16 intervals;
andthestationarypointsof z¡Ä and z.Å alsodivide thecurve
domaininto 16 intervals.A total of 15 pairsof feasiblelo-
cationsfor

� 5
and

] 5
werefoundby thealgorithmdescribed

in Section3. The ambiguitieswereeliminatedwith extra
tactiledatatakenat a fourth pair of contactpositions.

Figure 8: Localizationof two curve segments.

5 Discussion

Tactile sensingin the rolling modereducesthe localiza-
tion of fingersto constraintsatisfaction in multiple vari-
ables.Thepresentedalgorithmsexploit curve geometryto
run in time linear in the sizeof the discretizedcurve do-
main. This is achieved by partitioning the curve domain
into intervals monotonicwith respectto relatedfunctions
andthenby combiningbisectionwith marching.Thecom-
pletenessof thesealgorithmsdistinguishthemselvesfrom
a local optimizationapproach(basedon leastsquares,for
instance)whosesuccessheavily relieson initial estimates.

The marchingalgorithmdescribedin Section2 canbe
easilygeneralizedto find all length-3 segmentsonacurve,
openor closed,over which the integral of a function é �
�¢�

equalssomeconstantê .
An industrialapplicationoftenhandleslarge quantities

of identicalparts. The precomputationof inflectionsand
verticesis thusa one-timeoverheadfor onepartshape.

A key implementationissueis to ensurerolling contact
betweenbothfingersandthe object. We arecurrentlyex-
perimentingwith onestraightjaw andonepassive wheel
ona verticalpin.
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