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Abstract
Thequalityof a graspcanoftenbemeasuredasthemagni-
tudewithin which anyexternalwrench is resistibleby“unit
graspforce”. In this paper, we presenta numericalalgo-
rithm to computethe optimal graspon a simplepolygon,
given contact forcesof unit total magnitude. Forcesare
compared with torquesover the radiusof gyration of the
polygon. We alsoaddressa graspoptimality criterion for
resistinganadversaryfinger locatedpossiblyanywhereon
the polygonboundary. The disparity betweenthesetwo
grasp optimality criteria are demonstratedby simulation
with resultsadvocatingthat graspsshould be measured
task-dependently. Thepaperassumesnon-frictional con-
tacts.

1 Introduction

In this paper, we are concernedwith finding the optimal
graspson planarshapes,particularlypolygons,undertwo
differentgraspmetrics.Thefirst metric,called

���
, mea-

suresthe quality of a graspby themagnitudeof the mini-
mum,overall directions,of themaximumwrenchresistible
by thefingersexertingforcesof unit total magnitude.This
metric involvescomparinga forcewith a torque,which is
feasibleby dividing the latterby the radiusof gyrationof
the shape.The secondmetric, called

���
, measures,un-

derthesamefingerforceconstraint,themaximumexternal
forceapplicableat theworst locationon theshapebound-
arywithout breakingthegrasp.

It is known thatagraspoptimalunderonemetricis usu-
ally not very goodunderanother([8], [5]). In a real task,
the spaceof possibleexternal wrenchesis often reduced
dueto thetaskspecificationor theworking environmental
constraints.For instance,considerthetaskof hammeringa
nail into wood.Thereactionforceto thehammeractsonly
on theheadof thehammer;so theexternalwrenchescon-
stitutearayif pointcontactisassumed.In anotherinstance,�
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a basketballplayerkeepstheball in thebestpossessionof
hishandsto preventhisdefenderfrom knocking(andsteal-
ing) it away; heretheexternalwrenchwould mostlyresult
from a quick hit at somepartof theball by thedefender’s
hand.Thefull externalwrenchspaceis oftentoo strongto
assumefor many realtasks,andit is thusmoreadequateto
seekgraspsoptimal for the(reduced)wrenchspacesspec-
ified by individual tasks. The metric

���
reflectssucha

philosophy.
Throughoutthepaperweassumenon-frictionalcontacts.

Wewill focusonhow to computetheoptimalgraspsunder
metrics

���
and

� �
. We will seethat the optimization

turnsout to be difficult underboth metrics. Section2 re-
ducestheoptimalgraspproblemundermetric

���
to con-

strainednon-linearprogrammingandthensolvesit numer-
ically; Section3 analyzesthe structureof graspoptimiza-
tion undermetric

���
, unveiling thedifficulty in thesearch

for an efficient algorithm; Section4 discussessimulation
resultson bothmetrics;andSection5 concludesthepaper
by outlining thefuturework.

1.1 Previous Work

A graspon an object is force (form) closure if and only
if arbitrary force and torquecanbe exertedon the object
throughthesetof contacts.Salisbury andRoth [19] iden-
tified acceptablehanddesignsasthosewhich couldimmo-
bilize a graspedobjectwith the finger joints locked while
alsohaving the ability to impart arbitrarygraspingforces
anddisplacementsto theobject.

Mishraet al. [13] gave upperboundson thenumbersof
frictionlessfingersthat are sufficient for equilibrium and
force-closuregraspsrespectively onobjectswith piecewise
smoothboundaries.Tighterboundswerelaterobtainedby
Markenscoff etal. [10] for force-closuregraspsonany 2-D
or 3-D object,for frictional aswell asfrictionlesscontacts.

Basedon thework of [17], Nguyen[16] vieweda force-
closuregraspasthevector-closureof its contactwrenches.
Heofferedsimplealgorithmsfor synthesizingtheindepen-
dentgraspregionsfor polygons(with/without friction) and
for polyhedra(without friction). This work was later ex-
tendedin [18] to anumericalcell-decompositionalgorithm

Appearedin Proceedingsof the1995IEEE/RSJInternationalConferenceon IntelligentRobotsandSystems.
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assumingfrictional contactsfor 2-D objectswith piecewise
polynomialparametricboundaries.

One early optimality measurewas introduced in [7]
which considersthe optimal selectionof internal grasp
forcesto betheonefurthestfrom violatingany of theforce-
closure,friction and joint torquelimit constraints. Trin-
kle [20] formulatedthetestof forceclosureasa linearpro-
gram whoseoptimal objective value measureshow far a
graspis from losingtheclosure.

Li andSastry[8] alsoarguedthat the choiceof a grasp
shouldbebasedon its capacityto generatebodywrenches
that are relevant to the task. They were amongthe first
to formulate this idea by introducing the notion of task
ellipsoid basedon which a task-orientedquality measure
wasthendefined.Theoptimalgraspproblemwasalsoad-
dressedbut no algorithmwasdescribed.

[11] presentsan �	��
��� algorithm to computethe op-
timal three-fingerequilibrium graspon an 
 -gon to bal-
ancethroughfriction its weightalongthethird dimension,
as well as an �	��
���� algorithm to computethe optimal
graspagainstany worst-caseunit force throughthe center
of gravity of the polygon. Both algorithmshave assumed
zeroexternal torquewhile the secondonecanbe viewed
asa simplificationof theoptimizationunder

� �
. Assum-

ing non-frictionalcontacts,[14] offers an �	��
��������
�� al-
gorithm to find a three-fingergraspon an 
 -gon to resist
the maximumexternal force acting throughthe centerof
gravity in any direction.

Note the definition of graspmetric
� �

also appear
in [5] and [12] where the normalizationof finger forces
under ��� andothermetricsarealsoaddressed.Optimal
graspalgorithmsare given in the first paperfor two-jaw
and three-jaw grippersto grasppolygons,in which case
only finite numberof goodgraspsneedto be considered.
By decouplingforceandtorque,thesecondpaperis ableto
developaneasilycomputableoptimality measure.

The paper[15] summarizesvariousexisting graspmet-
rics with extensive discussionon the trade-offs amongthe
goodnessof agrasp,thegeometryof theobject,thenumber
of fingers,andthe computationalcomplexity of the grasp
synthesisalgorithms.

Graspmetricsalsoapply to the designof modularfix-
tureswhere round locatorsand clampsact as fingers to
constrainparts. [3] describesan algorithmthat, given an
arbitrarypolygonalpart,enumeratesall force-closuremod-
ular fixturesandthenranksthemaccordingto someuser-
specifiedquality measure.

Thegraspoptimizationalgorithmsto bepresentedin this
paper, however, donotmakeany assumptionon forcesand
torques,nor on the setof graspsto be considered.So the
optimizations,inherentlyharder, areperformedovera 4-D
configurationspaceof force-closuregrasps(assumingfour
fingers)with respectto the3-D wrenchspace.

2 The Metric � �
Let  bea non-circular2-D objectwith smoothboundary!  . Let "#��$%�'&(�*)+ ��$,�.-/$102)+ �3$%�4� bethewrenchgener-
atedby unit force at somepoint $65 !  , where )+ ��$,� is
the inward normalat $ , and let 78�9 :� be the setof such
wrenches: 78�; <��&>=�"@?;$�ACBD$E5 !  GFIH (1)

It is shown in [10] that, without friction, four fingers
are sufficient and necessaryto achieve force-closureon . Let $�J�-/$ � -/$ � -/$ � 5 !  denotethe finger positions
of a force-closuregrasp K on  . Then the wrenches"L��$�JM�.-MHNHMHN-4"L�3$ � � mustpositivelyspanthe wrenchspaceO � [16], thatis,�P Q R JTS

Q "L�3$ Q ��& 0 - for someS
Q%U

0 H (2)

Geometrically, the origin � is in the interior of
the convex hull of "@��$�JM�.-MHNHMHN-4"L�3$ � � , that is, V 5WYX�Z\[ � X^] ��"_�3$�JM�D-MHNHMHD-`"#��$ � �4� . Mechanically, for any ex-
ternalwrench " , grasp K is able to generateits negative
wrench ab" by exertingadequateforcesat $ Q s.

For cedgfhdgi let j Q bethemagnitudeof forceby fingerf . Thequality kI�/KT� of K undermetric
� �

is definedto be
theminimummagnitudeof any externalwrenchthatbreaks
the grasp,given that the fingersapply unit magnitudeof
force,thatis, l � Q R J j Q &2c . J More precisely, wedefine

k�m�Kn�Y=.$�J�-o$ � -/$ � -/$ � F��qpr& s	tvuwyx\z\{Y|`}�~����������q�o������� � �����N�`���v� -
where� is theunit ball centeredat theorigin. Theproblem
of finding theoptimalgraspundermetric

���
canthusbe

formulatedas s�tvu� � ������� � � �D���y� k�m�K��q=�$�J�-/$ � -o$ � -o$ � F��4pTH
Note a subtletyoccursat defining the norm of a wrench
since forces and torqueshave different units. To cope
with this issue,we borrow an idea from [4] which com-
paresa forcewith a torqueover theradiusof gyration � of . Hencewe redefine"L�3$��:&��*)+ �3$��.-o$�0>)+ ��$%�`���^� . If!  is not smooth,anothersubtletyarisesfor theboundary
pointswherethe normalsare undefined. If  is a poly-
gon, we regarda finger at somevertex asthat finger at a
point infinitesimallycloseto thevertex on oneof its adja-
centedges.��

Notethisconditionsubsumesthecondition l����� �I� ��� � , following
(theforce-closure)condition(2). Namely, a force-closuregraspapplying
lessthanunit forcecaneasilybeshown to beequivalentto thesamegrasp
applyingunit force.¡

Someother paperssuchas [12] have assumeda roundedfingertip
modelto handlethis issue,in which casethegraspwrenchvariescontin-
uouslyat avertex.
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In theremainderof thissectionwefocusonthecasethat is apolygon ¢ . Figure1 showsa force-closuregraspon
a5-gon.Theset 78�;£�� of possiblewrenchesgeneratedby a
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Figure 1: A force-closuregraspona 5-gon.

fingerwith unit forceon anedge£ is anon-degenerateline
segment,calledthewrench segment, in the j�¤ - j�¥ - ¦ wrench
space(seeFigure 2(a)); this wrenchsegmentprojectsto
the inward normalof £ in the jv¤ - jv¥ force plane(seeFig-
ure2(b)).

OO

w (     ) 

w (     )

w (     )

w (     )

n (     )

n (     )

n (     )

n (     )

n (     )

e

e

e

e

e

W (e  )

W (e  )

W (e  )

W (e  )

W (e  )

1

2

3

4

5

5

2

4

3

p

p

p

p

1

1

2

3

4

^

^

^

^

^

T

T

(a) (b)

Figure 2: The force-closure grasp in Figure 1 as illus-
trated in the wrench space. The tetrahedron§ with vertices¨�©«ª �4¬`�®�®�®. ¨�©«ª � ¬ consistsof all wrenchesthatcanbegenerated
by thegraspexertingunit force. Theradiusof the largestsphere
centeredat theorigin andcontainedin § measurestheminimum
wrenchto breakthegrasp.

Now we canrephrasecomputingtheoptimalgraspon a

polygon ¢ asselectingfour points(wrenches)" J -`" � -4" � -4" � 5 ¯° anedgeof ± 78�;£��
suchthat² the origin � lies in the interior of the grasptetrahe-

dron ³ definedby " J -NHMHNHM-4" � ;² theminimumdistancefrom � to thefour facetsof ³
is maximized.

To solve this optimizationproblem,it suffices to look at
the subproblemin which every finger f canonly move on
oneedge,say £ Q , with unit normal )+ Q . For c´d2fµd¶i let" Q &�)+ Q\·�¸qQ )¹ denotethewrenchby finger f exertingunit
force. Thusan one-to-onecorrespondenceexists between� ¸ J - ¸ � -

¸
� -
¸
� � andagraspsofrom now onweidentify them

with eachother. Note thatat leastthreeof these )+ Q s must
differ from eachother, otherwisethegraspcannotbeaclo-
sureonpureforces.

In thebelow weonly look at thecasethat )+ J -NHMHNHM- )+ � are
all different,astheothercaseis relatively simple.Without
lossof generality, let usassumethroughoutthissectionthat)+ J -MHNHMHM-º)+ � arein clockwiseorder, andviewed from

·µ»
onthe )¹ axis, ³ hasthetopologythatedge " J " � is above
edge " � " � .

The equationof the plane determinedby three non-
collinearpoints ¼J�-`¼ � -`¼ � is givenas+1½M¾ &À¿Á-
where + & ¼�JC0´¼ �

· ¼ � 0 ¼ �
· ¼ � 0 ¼�Jv-¿ & ¼ J 0´¼ � ½ ¼ � H

Here + is theplanenormaland Â Ã�ÂÂ Â + Â Â is thedistancefrom �
to the plane;so + pointsto the planeif ¿ U V andaway
from theplaneotherwise.Theforce-closurecondition �Ä5
Int ³ requiresthat � lie at theinterior sidesof all facetsof³ . Thereforethefollowing conditionshold:" J 0´" � ½ " �

U VºÅ" � 0´" � ½ " � Æ VºÅ (3)" � 0´" � ½ " J
U VºÅ" � 0´" J ½ " � Æ VºH

Theabovelinearinequalities(in Ç ), alongwith thosedefin-
ing thewrenchsegments78�;£ Q � :È Q Æ

¸qQ
ÆÊÉ

Q - for fË&2c*-�ÌÍ-ÏÎÐ-4i^- (4)

define a open convex 4-polytope Ñ that consistsof all
force-closuregrasps.
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Denoteby ÒËÓ the facetof ³ with vertices" J -`" � , and" � , by ÒÔ the facetwith vertices" � -4" � , and " � , by Ò�Õ
thefacetwith vertices" � -`" � , and " J , andby Ò�Ö thefacet
with vertices " � -4" J , and " � . The quality of grasp Ç is
definedbyk��;ÇM��&×s	Ø X �9k�Ó���ÇM�D-ÏkMÔ���ÇD�.-�kNÕ\�;ÇM�.-ÏkyÖv�;ÇM�4�DH (5)

Here k Ó �;ÇM� is thedistancefrom � to facetÒ Ó :

k�Ó���ÇD�,& ¿ ÓB B + Ó B B -
where¿^ÓÙ&Ú" J 0b" � ½ " �&Û� ¸ J )+ � 0 )+ �

·Ü¸
� )+ � 0r)+ J

·Ü¸
� )+ J 0 )+ � � ½ )¹ - (6)+ ÓÝ&Ú" J 0b" �

· " � 0b" �
· " � 0b" J&Û� )+ J 0 )+ �

· )+ � 0 )+ �
· )+ � 0 )+ J �

·
m ¸ J �*)+ � aÞ)+ � �

·Ü¸
� �*)+ J aÞ)+ � �

·Ü¸
� �*)+ � aÞ)+ J � p 0<)¹ Å (7)

and k Ô �;ÇM�.-�k Õ ��ÇM� , and k Ö �;ÇM� aredefinedanalogously.
Before presentinga numericalalgorithm to maximizek��;ÇD� , let uslook at how k�Ó�;ÇM� , kMÔ��;ÇM� , kNÕ���ÇM� , and kyÖ*�;ÇD� vary

with Ç . This would suggestwriting out the gradientsof
thesefunctions,whichseemsto betoocumbersome.How-
ever, thereis a muchsimplerway of viewing thesegradi-
entsgeometrically.

Lemma 1 Let ße&2�;ß J -4ß � -4ß � -4ß � � bea force-closuregrasp,
and ³ the grasptetrahedron thusdefined.If at ß the line
throughthe origin � and perpendicularto facet ÒËÓ of ³
intersectsÒËÓ in its interior, then! k�Ó! ¸ J - ! k�Ó! ¸ � -

! k�Ó! ¸ �
ààààoá

U VºH
Accordingly, wehave! k Ô! ¸ � -

! k Ô! ¸ � -
! k Ô! ¸ �

ààààoá Æ Vº-! kNÕ! ¸ � -
! kMÕ! ¸ � -

! kNÕ! ¸ J ààààoá
U Vº-! kyÖ! ¸ � -

! kyÖ! ¸ J - ! kyÖ! ¸ �
àààà á Æ V

if the perpendicularlines through � to facets Ò�Ô-`Ò�Õ andÒ�Ö passthroughtheir interior respectively.

Proof. Let â beaninteriorpointof ÒTÓ suchthat �CâµãÀÒËÓ ,
asshown in Figure3. Now look at thefacetÒµäÓ determined
by ß ä &���ß äJ -4ß � -4ß � -4ß � � , where ß äJ &8ß J ·�å ß J U ß J . For

ξ4
^

^

τ

τ

O

n1
^

q’
r

q
^

3n

τ^

^n2

1

1   ξ
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Figure 3: Theproofof Lemma1.

smallenough

å ß J , theperpendicularline from � to Ò äÓ in-
tersectsÒ Ó and Ò äÓ in their interiorat æ and â ä respectively.
We havek�Ó��;ß*�ç& B �CâÐB Æ B �èæÐBÆ B �Câ ä B*&�k Ó ��ß ä �.- for some

å ß J U VÍ-
which provesthat

��éqê�Në � B á U V . The rest inequalitiesin the
lemmafollow similarly. ì

Let íÙ&î=�ÇïBËÇ@5ðÑÛt Xºñ kI��ÇM�ò&ók�ôËF be the setof
graspsonpolygon ¢ thatmaximizesfunction(5). Weclas-
sify polygon ¢ into oneof the following four typesbased
on thestructureof í :

Type 1 k Q �;ÇD�:&õk�ô Æ kDö���ÇM�D-Ïk�÷Í��ÇD�D-ÏkNø4��ÇM� , where f«ù^ú È de-
notessomepermutationof û�-4ü,-qý , and þ , for all Ç:5í ;

Type 2 k Q �;ÇD�:&ÿk ö �;ÇD�<&ók�ô for some Ç@5 í , but k ÷ ��ÇD� ,k ø ��ÇM� U k�ô for all suchÇ ;
Type 3 k Q �;ÇD� &8k ö ��ÇM�è&¶k ÷ �;ÇM� &6k ô for someÇ 5Eí , butk ø ��ÇM� U k�ô for all suchÇ ;
Type 4 k Q �;ÇD�´&îkDö���ÇM� &îk�÷^��ÇM� &îkNøq��ÇM� &îk�ô for someÇ'5rí .

The numericalalgorithm hypothesizesevery type above,
finding its optimumwhenever it exits. Finally theoptimal
graspis selectedasthe maximumof the optimaunderall
hypotheses.

2.1 Type 1 Polygon

Theoptimizationon a type1 polygonturnsout to befairly
easy, asstatedin thefollowing theorem.

Theorem 2 Everyoptimalgraspona type1 polygonposi-
tionsthreefingersat somevertices;andoneoptimalgrasp
positionsall four fingersat somevertices.
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Proof. Without lossof generality, let Ç<&ÿ� ¸ J - ¸ � -
¸
� -
¸
� �

with k�Ó�;ÇM� Æ kDÔ��;ÇM�.-�kMÕ���ÇD�D-ÏkyÖ*�;ÇM� be an optimal grasp. It
follows that ÒTÓ mustintersectits perpendicularline from
theorigin � in the interior; hencȩ

qQ & É
Q
, for fh& c*-ÏÌÐ-`Î ,

as shown in Figure 4. For otherwise,by Lemma1, we

2
^ τ2

^

n τ

+u

^
3

^
3+u

n

^
^^

^τn
n 44

1 1

O

qα

τ+t
+u

Figure 4: An optimal graspon a type 1 polygon with � �������©�� ¬	� ��
º©�� ¬ , ���^©�� ¬` ���y©�� ¬ : Fingers1, 2 and 3 must be at
the verticesof ° � , ° ¡ , and °� to generatethe maximumtorques� ����  � ¡��� and �  �� respectively, while finger 4 is free to move
along ° � withoutaffecting � � .
could increasek�Ó���ÇM� , hencek�ô , by increasinģ J - ¸ � , or

¸
�

infinitesimally.
Ontheotherhand,̧ � mayincrease(decrease)monotoni-

cally to É\� (
È � ) withoutdecreasingkI��ÇM� . Supposethis is not

true. Thenat someÇ.ä�&8� ¸ J - ¸ � -
¸
� -4ß*� , oneof k Ô ��ÇM�D-Ïk Õ ��ÇD� ,

and k Ö ��ÇM� must decreaseto k�ô . But this implies that the
problemis not of type1, acontradiction. ì

Theabove proof alsoimplies thata type1 polygonhas
anoptimalgraspthatpositionsall fingersto generateeither
all maximumtorquesor all minimumtorques.Thusto find
theoptimum,it sufficesto evaluatetwo grasps:̧

Q & É
Q
, for

all f , and

¸qQ & È Q , for all f .
2.2 Type 2 Polygon

Whenapolygonis of type2, anoptimalgraspcanposition
two fingersat vertices. The optimizationreducesto con-
strainednon-linearprogrammingsolvableby theNewton-
Raphsonmethodfor root finding.

Theorem 3 Everyoptimalgraspona type2 polygonposi-
tionsat leasttwofingersat somevertices.

Proof. Let Ç beanoptimalgrasponsometype2 polygon,
and ³ its grasptetrahedron.Thereare6 casesaccording
aswhichtwo facetsdeterminetheoptimalgraspquality k ô .
Thefour casesk Ó &6k Ô &6k�ôv-Ïk Ô &6k Õ &6k�ôv-Ïk Õ &6k Ö &k�ô , and k Ö &>k Ó &>k�ô aresimilar; sowe only needto look
atone.

Supposek�Óò&ðkMÔ�&ðk�ô , theperpendicularlinesfrom the
origin to facetsÒËÓ and Ò�Ô of ³ mustpassthroughtheir in-
terior. Sowehave

��é ê�Në � - ��é ê�Më�� - ��é ê�Në�� U V and
�yé���Në�� - ��é���Në�� - ��é���Në � Æ

V by Lemma1. SinceÇ is optimal,no

å Ç with Ç ·�å Çè5<Ñ
existssuchthat ��� k Ó� k Ô�� å Ç U VÐ-
where

� kyÓ & m ��éqê�Në9� - ��éqê�Në � - ��éqê�Në � -`V*p and
� kMÔ &m Vº- ��é���Në�� - ��é���Më�� - �yé���Në � p arethe gradientsof k Ó and k Ô respec-

tively. Now supposȩ J �& É J and

¸
� �& È � . Letting! &Ä�qc*-ÏVÐ-ÏVÐ-Maµc��#" , wecaneasilyverify thatthedirectional

derivatives
��é ê��$ & � k�Ó ½ ! U V and

��é����$ & � kMÔ ½ ! U V .
Namely, both k�Ó and kMÔ canbeincreasedat Ç along

!
, acon-

tradictionwith theoptimalityof Ç . Henceeither

¸ J & É J or
¸
� & È � . (SeeFigure5.)

^

τ+t 2n

1

^^

n τ+l
τ

2

^

1

qα

+t^
4

^
4

n

O

qβ

^^
3n 3τ+tF

Fα

β

Figure 5: An optimal graspon a type 2 polygon with � � �� � ©�� ¬ � ��
Ð©�� ¬%� � � ©�� ¬` ����©�� ¬ : Either & � � � � or & � �(' � (as
shown) holds. If & �*)� � � , then & � ��' � for + �-, /.*�0 ; if & � )�1' � ,then & � � � � for + �-2  , #. .

If

¸
� & È � , then

� k Ó & � ��éqê�Më9� - ��éqê�Në � - �yé4ê�Në � � and
� k Ô &�;VÐ- �yé���Në�� - ��é���Në�� � . Let

! J & �43 J -`Vº-Maµc��#" for some 3 J U
��é ê�Në�� � ��é ê�Në � . Hence

��é ê��$ � ,
��é���5$ � U V , which implies that

¸ J & É J76 ¸ � & È � , by the optimality of Ç . Now let! � &��43 � -Maµc�-`VI�#" for some 3 � U ��éqê�Në�� � ��éqê�Më � . Hence
��éqê�5$�� ,��é���5$ � U V , which impliesthat

¸ J & É J 6 ¸ � & È � . Sowe can
infer thefollowing from

¸
� & È � :� ¸ J & É J86 ¸ � & È � �:9@� ¸ J & É J86 ¸ � & È � �; ¸ J & É J86 � ¸ � & È � 9 ¸ � & È � �.H

Similarly,

¸
� & È � 6 � ¸ � & É\� 9 ¸ � & É�� � holdsif

¸ J & É J .
Combiningtheabovetwo conditions,wehaveshown� ¸ J & É J 9 ¸ � & È � �=< � ¸ J & É J 9 ¸ � & É � 9 ¸ � & É � �< � ¸ � & È � 9 ¸ � & È � 9 ¸ � & È iI�.-
underk�Ó:&�kMÔò&ðk�ô .

Finally, it is easyto show that¸ J & É J 9 ¸ � & É\� 9@� ¸ � & É�� 6 ¸ � & É\� �.Å¸
� & È � 9 ¸ � & È � 9L� ¸ J & È J86 ¸ � & È � �

5



hold under k�Ó_&¶kMÕ<&¶k�ô and kMÔr&¶kNÖe&¶k�ô respectively.ì
With Theorem3 we areableto reducetheoptimalgrasp

problemto anonlinearprogrammingproblem.For thecasek Ó &�k Ô &ðk�ô with

¸ J & É J and

¸
� & È � , theproblemtakes

theform s�t�uë�� � ë�� k�Ó� É J - ¸ � - ¸ � �
subjectto k Ó � É J -

¸
� -
¸
� �ç& k Ô � ¸ � -

¸
� - È � �.- (8)

in addition to the force closureconstraints(3) and �;iI�
which now define a polygon Ñ . This problem can be
numericallysolved by introducinga Lagrangemultiplier
[9], but we offer a simplermethodhere. Note that equa-
tion (8) defines

¸
� as an implicit function of

¸
� so thatkyÓ�� ¸ � -

¸
� �g& k�Ó�� ¸ � -

¸
� �
¸
� �4� attainsits maximum only ifÃ é êÃ ë�� & V . The Newton-Raphsonmethodcan be applied

to find thezerosof Ã é êÃ ë � .

Thedirectivesneededin theiteration, Ã éqêÃ ë�� and Ã � éqêÃ ë �� , can

be solved from differentiatingequation(8) andexpressed
in termsof the first and secondorder partial derivatives
of k�Ó and kDÔ . The iteration startsat an interior point on
the monotoniccurve k�Ó¶&�kDÔ boundedby Ñ , and ends
whenever it convergesor reachestheboundaryof Ñ . The
solution � ¸ � ÷ �� - ¸ � ÷ �� � is invalid if k Ó Æ k Õ or k Ó Æ k Ö at� ¸ � ÷ �� - ¸ � ÷ �� - É\� - È � � .

The other casewith threefingersplacedat verticesis
easy: The location of the fourth finger can be directly
solvedfrom theconstraintequation.

2.3 Types 3 and 4 Polygons

A type 3 polygonhasan optimal grasp Çï5ðÑ with, saykyÓ���ÇD�r&îkMÔ���ÇM� & kNÕÁ��ÇM� Æ kyÖv�;ÇM� , from which two vari-
ablescan be eliminated. The following theoremenables
theeliminationof a third variableso that theoptimization
eventuallyreducesto non-linearprogrammingin onevari-
able.

Theorem 4 Everyoptimalgraspona type3 polygonposi-
tionsat leastonefinger at somevertex.

Proof. Let Ç be an optimalgraspwith k Ó ��ÇM�µ&(k Ô �;ÇD�e&k Õ ��ÇM� Æ k Ö ��ÇM� , without loss of generality. Supposethat
noneof thefingersis at any vertex, that is, Çµ5 WYX�Z Ñ . The
optimalityof Ç impliesthatno

å Ç existssuchthat>? � k Ó� k Ô� k Õ
@A å Ç &

>B? ��éqê�Në � ��éqê�Në�� �yé4ê�Në�� VV ��é ��Në�� ��é ��Në�� �yé ��Në ���é�C�Në9� V ��é�C�Në � ��é�C�Në«�
@5DA å ÇU VÐ- (9)

where
� k�Ó�- � kMÔ , and

� kNÕ arethegradientsof k�Ó , kDÔ , andkMÕ . Such

å Ç doesnot exist if andonly if thereexist some
non-negative S J - S � , and S � with S J

·
S �
·
S �
U V such

that

S J � k Ó ��ÇM� · S � � k Ô �;ÇM� · S � � k Õ ��ÇM��&�VÐH (10)

(See[2, p. 27].)
Since k Ó ��ÇM�h&>k Ô �;ÇD�n&>k Õ ��ÇD�n&>k�ô , we caneasilyshow

that
��éqê�Më � ,

��éqê�Më�� , ��éqê�Më�� , ��é�C�Në � , ��é�C�Në�� , ��é�C�Në � U V and
��é ��Në�� , ��é ��Më�� ,��é���Më«� Æ V , by Lemma1. Thenit is not hardto verify that

equation(10) cannothold for any non-negative S J - S � - S �with S J
·
S �
·
S �
U V . So thereexists

å Ç satisfyingin-
equality(9). A contradiction.HenceÇè5 ! Ñ . ì

A type4 polygonprovidesthreeconstraintsk Ó & k Ô &k Õ &Ùk Ö that eliminatethreevariables,reducingthe opti-
mizationagainto non-linearoptimizationin onevariable.

3 The Metric � j
We now move on to the problemof finding the optimal
graspto resistan adversaryfinger positionedsomewhere
on the boundaryof a 2-D object  . It follows that such
a grasp K at $�J�-NHMHMHN-/$ � 5 !  must be able to gener-
ate wrench ab" for all " 5Ù78�9 :� . Thereforethe seta'78�; :�ò& =,ab"çBË" 5 78�; :�\F mustbe containedin
theconvex of wrenches" J �3$�JD�D-MHMHNHM-`" � �3$ � � ; so K is also
force-closure.

Themetric
���

ona graspK at points $ËJv-MHNHMHD-o$ � 5 !  
measureshow muchforceby theadversaryfingeris always
resistibleby K with unit force. More precisely, thequality
of K is definedunderthismetricaskI�/K��q=�$ J -MHMHNHM-o$ � F��`��& s�t�uE w�F<� � �oz\{Y|`}�~�� � ��� � �o������� � � ��� � �;� � H

In the below we addressthe graspoptimizationon an
 -gon ¢ . Figure6 illustratesthe graspin Figure1 under
metric

���
. As seenfrom thefigure,only the Ì�
 wrenches

in a'78�9 :� relatedto theverticesof ¢ mayaffect k��/KË� ; let
the setof thesewrenchesbe denotedby 7HGHI�a'78�9 :� .
Againlet " Q &�)+ Qy·<¸qQ )¹ bethewrenchgeneratedby fingerf , for c1dõf_dõi , and ³ the grasptetrahedronthus de-
fined.As before,we only considerthecasethatthefingers
areconstrainedon four edges£ J -`£ � -Ï£ � , and £ � with dis-
tinct inwardnormalsrespectively, becausetheothercaseis
relatively simple. Furthermore,assumethe topologyof ³
to be that edge" J " � is above edge" � " � , andlet Ñ be
the convex 4-polytopedefinedby inequalities(3) and(4)
whichconsistsof all force-closuregraspson ¢ .

Denoteby ÒËÓ-ÏÒÔ-ÏÒ�Õ , and ÒTÖ thefour facetsof thetetra-
hedron³ , c´d2fCd2i , andby k�Ó-ÏkMÔ�-ÏkNÕ and kyÖ the maxi-
mumscaleson 7 G for it to beat theinterior sidesof these
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Figure 6: Thegraspon the5-gonin Figure1 undermetric JLK .
The quality of the graspis the largestscaleto shrink MON © ± ¬
(shown asdashedlines)into theconvex hull of ¨�©«ª � ¬ , 2QP + P 0 .
facetsrespectively. Thuswehave

k�Ó���ÇM��& ¿IÓs	tvuSR � FQT + Ó ½ ¼ -
where ¿ Ó and + Ó are definedby equations(6) and (7)
respectively; and k Ô �;Ç.�D-Ïk Õ ��ÇM�.-�k Ö ��ÇM� aredefinedsimilarly.
Now partition Ñ into cells U	�9¼\� , for all ¼@5#7HG , in which¼ maximizesthedotproductwith + Ó . Notethebisectorof
two adjacentcells U	�;¼JD� and U	�;¼ � � is a hyperplanegiven
by equation + Ó ½ ¼�J & + Ó ½ ¼ � H
Since kyÓ is only relatedto

¸ J - ¸ � and

¸
� , thepartitionforms

a power diagramboundedby theprojectionof Ñ onto the
¸ J - ¸ � -

¸
� spaceanddual to someconvex hull in

O � , all of
which canbe constructedin �	��
��� time [1]. The power
diagramsfor otherthreefacetsÒ Ô -`Ò Õ and Ò Ö canbesimi-
larly constructed.

Intersectingthesefourpowerdiagramsyieldsacell com-
plex V boundedby Ñ , in whicheachcell is associatedwith
some¼ Ó -`¼ Ô -`¼ Õ , and ¼ Ö 5r7WG suchthat

kI�/KT��&×s	Ø X m ¿ Ó+ Ó ½ ¼ Ó - ¿ Ô+ Ô ½ ¼ Ô - ¿ Õ+ Õ ½ ¼ Õ - ¿ Ö+ Ö ½ ¼ Ö pËH
We have obtainedthe following resultson the structure

of V :
Theorem 5 If theoptimalgraspis attainedat Ç ô 5 WYXIZ Ñ ,
then k�Ó�;Ç ô ��&ÀkMÔ���Ç ô ��&�kNÕ\��Ç ô �,&ÀkyÖ*�;Ç ô � .
Theorem 6 Theoptimalgraspis attainedon

! Ñ (i.e., one
finger at a vertex) or on theskeletonof thecell complex V
definedabove.

Theproofsof theabovetheoremscanbefoundin [6].
So far we have not beenableto devise an algorithmto

computeÇ ô dueto the structuralcomplexity of V . For the
caseÇ ô 5 ! Ñ , the dimensionof the optimizationis low-
eredby at leastonesothatthecomputationcanproceedin
a hypothesis-and-verificationmannersimilar to thatof the
lastsection.For thecasȩ ôè5 Int Ñ , wesuspectthattheset

=�ÇèBvk Ó ��ÇM��&ðk Ô �;ÇM�,&Àk Õ ��ÇD�,&Àk Ö ��ÇM�\F
is an one-dimensionalpiecewise smoothcurve so that Ç ô
couldbefoundby traversingalongthiscurveandchecking
its every intersectionwith theskeletonof V .
4 Simulations

Simulationson computingthe optimal graspson random
polygonsunder both metricswere conducted. The data
weregeneratedasclosedrandomwalksonanarrangement
of 100randomlines. Theradii of gyrationof thepolygons
werecomputedby a commonplanesweepingalgorithm.
The centerof geometryof eachpolygon was selectedas
its torqueorigin. Optimalgraspsarecomputedunderboth
metrics

� �
and

���
usingpolygonboundarydiscretiza-

tion andunder
� �

by anumericalalgorithm.
The discretizationmethodproceededas follows. The

boundaryof a polygon was first discretizedinto 25–50
equallyspacedpoints.Thesepoints,togetherwith thever-
tices,wereconsideredaspossiblefinger locations. Next,
all edgetriples andquadrupleswereenumeratedaspossi-
ble contactedgesfor thegrasp.Giventhecontactedges,a
quick checkwasdoneon whetherthe edgenormalspos-
itively expand the force plane. Then all possiblefinger
placementson theseedgeswere evaluatedundermetrics� �

and
���

respectively. Thebesttwo grasps,eachunder
onemetric,wereretainedaftertheiterationoverall contact
edgechoicesastheoptimalgrasps.

Among the 30 polygonstested,only two hadthe same
optimalgraspsunderbothmetrics.Theoptimalgraspsun-
der metric

���
were measuredto be 61%–100%of the

optimaundermetric
� �

, while the optimal graspsunder
metric

� �
weremeasuredto be71%–100%of theoptima

undermetric
���

. Theseresultshave sufficiently demon-
stratedthedisparitybetweenthetwo metrics.An example
is show in Figure7.

The numericalalgorithmwasimplementedto solve for
optimalgraspson Types1 and2 polygons,andwastested
onthesamesetof data.Noneof thetestedpolygonswasof
type1, aswe hadexpected.Sinceour algorithmdoesnot
handletypes3 and4 polygons,wecannotsaythatall tested
polygonswere thus of type 2. However, all except one
“optimal grasps”found by the numericalalgorithm were
betterthanthe“optimal grasps”foundby thedicretization

7



Figure 7: The optimal graspsX �Y (white fingers)and X �K (black
fingers)on a 10-gonundermetrics J Y and J K respectively,
computedby discretizingthe polygon boundaryinto 50 points.
ThegraspX Y canresistany wrenchwithin magnitude0.376but
only any force within magnitude0.261; the grasp XZK canresist
any force within magnitude0.283 but only any wrenchwithin
magnitude0.35.

methodusinga resolutionof 50. Theseresultssuggestthat
polygonsaremorelikely of type2. (SeeFigure8.)

Figure 8: The optimal graspon the same10-gonfound by the
numericalalgorithm.It hasa qualityof 0.388undermetric J Y .
5 Conclusion and Future Work

In this paperwe arguethat thegoodnessof a graspshould
be measuredwith respectto the external wrench space
specifiedby eachindividual task.We have introducedtwo
graspmetrics,

���
and

� �
, asexamplesfor full andre-

ducedwrenchspacesrespectively. The first metric mea-
sureshow muchexternalwrenchis necessaryto breakthe
grasp.Thesecondmetricmeasureshow muchforceby one
nastyfingercanalwaysberesisted.

We presenta numericalalgorithmto computethe opti-
mal graspon a simplepolygonundermetric

���
. Theal-

gorithmessentiallyreducestheoptimizationto constrained
nonlinearprogramming. The grasp optimization under
metric

� �
has also beenaddressed.Simulationswere

conductedon both graspmetricsusingpolygonboundary
discretization,andon

� �
with an implementationof the

numericalalgorithm. Theresultshave sufficiently demon-
stratedthedisparitybetweenthetwo metrics.

Morework is neededto deviseanefficientoptimalgrasp
algorithm under metric

� �
. Further along this line of

work would be to developmorepracticalandeasilycom-
putablegraspmetricsaswell asto studytheassociatedop-
timizationtechniques.

Thecurrentwork on optimalgraspscanbeextendedto
frictional contactsfor which theoptimizationwill become
conceivably harderdespitethat fewer fingersarerequired.
Extensionof the work to 2-D objectswith curvedbound-
ariesand3-D objectsmayalsobeof our interest.
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